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Modal Logic Intuitionistic K (IK)
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From Fitch-style Natural Deduction to a A-calculus
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From Fitch-style Natural Deduction to a A-calculus
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From Fitch-style Natural Deduction to a A-calculus
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From Fitch-style Natural Deduction to a A-calculus
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Fitch-style Lambda Calculus for IK (Ay) Borghuis 1994]
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Normalization Rules

() unbox (boxt) — t

(n) 't — box (unbox 1) :




Normalization by Rewriting?

Syntax

Image credit: Sam Lindley, University of Edinburgh
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Normalization by Rewriting?

n rules complicate rewriting

Each system demands different syntactic lemmas

I'-t:0A acr \ I'-¢:0A
T &T F unbox t: A T &T F unbox t: A
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Normalization by Evaluation
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The Story

« Part 1: Identify the possible worlds semantics

o Part 2: Construct NbE models as instances




Possible Worlds Semantics for IK [Bozi¢ & Dogen 1984]

Model M: (F,V)

Frame F: (W, R;, R;,)

R; is a preorder
Ri; Rm g Rm§ Rz

[[

7]
[A— B]
Al

w = V(w,T)
w=Yw'. wRw" = [A]w = [Blw
w =Y. wR,w = [A]w

Monotonicity: wR;w" = [A]w = [A]w




Possible Worlds Semantics for Ajx

Model M: (F,V)

Frame F: (W, R;, R;,)

R; is a preorder

Ri; Ry, © Rins R, I
[A, Al = [Alw A [A]w
(A, 8], =77




Box ~ Future




L.ock ~ Past




Possible Worlds Semantics for Ak

Model M: (F,V)
Frame F: (W, R;, R;,)

R; is a preorder

Ri; Ry C Rys Ry [Jw=T
R; Ri C Ri; R, (A, Al = [Allw A [A]w
[A, 8], = Fw®. w'Rpw A [Alye

Monotonicity: wR;w’ = [A]w = [A]w




Possible Worlds Semantics for Ajx

Model M: (F,V)
Frame F: (W, R;, R;,)
R; is a preorder
R;; Ry, = Ryys R;



Normalization by Evaluation

(_) : THFA= (Vw. ']y = [A]w)

quote : (Vw. [y = [A]w) =Tk A

norm : I'FA— I'k; A

norm t = quote [t]




Normal Forms

I''ak:t: A ' t: A
'k, boxt:[A I''aIl'k unboxt: A
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Constructing an NbE Model for Aj

Model M: (F,V)
Frame F: (W, R;, R;,)
R; is a preorder
R;; Ry, = Ryys R;

quote : (Vw. [y = [A]lw) = T'ke A W = Contexts

standard! A V(F, 7') =1 R 7
[Coquand 1993]
R; = < (Weaker)
R, =77




Key Observation From the Syntax of Ak s,
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Key Observation From the Syntax of Ak s,

VI".TR,,I"=T1T"Ft: A a°. I'°R,,I' NI ~¢:0A

ra-A °rFt:0A IR, T’
I'box t:[1A ['Funboxt: A




Constructing an NbE Model for Ak

| Il A
" T.@&T'F unbox t: A

A

a¢r

'R,A = dAI". A=T,8T st. &¢I’




Constructing an NbE Model for A;y

T:[JA — A

I'=¢:0A 4o < 1

A
I T'Funboxt:A_®

FR,A = V. A=T,I"s.t. #g(I") <1

R, is reflexive




Constructing an NbE Model for A,

4: JA — UA

\ '=t:0A
S T,&,IF unbox t: A

'R,,A = A". A=T.8T"

R,, is transitive




Constructing an NbE Model for A,

T:[JA — A
4: 1A — A

\ I'~t¢:0A
> E’I—unboxt:A

F'R,,A = JI". A=T,T"

R,, is reflexive and transitive




Constructing an NbE Model for A rr/iks/iss

quote : (VA. [[F]]A = [[A]]A) =k A

using reify : VI'. [HA]r = I' ;A

Know [OA]r = VI". TR,V = [A]r
Pick IV as I, & to get [[A]]F,ﬂ
reify [A] g toget n:T' @1 A

box n:I' Kk, UA







Potential Applications of NbE for Modal Lambda Calculi

Interpretations of L1A:
Staging: Code of type A

Security: Sensitive values of type A

Purity: Pure values of type A

NbE can be used to prove:
e Application-specific theorems, e.g., noninterference

e Completeness theorems, e.g., completeness of possible worlds semantics




Necessitation is Admissible in Ax

A = FOA

~t: A

-+ A
~box t: 1A

by renaming




What About ”Denecessitation” ¢

F0A = +A

How would you prove this?

F'Et:0A g ra-t: A
[,&TI'Funboxt: A ¢ I'box t:[A




Denecessitation Can be Proved Using Normal Forms

FOA — A
X : ..
No neutrals in empty context, dismissed!
—_t: 0B
B = il e &2 5  Only culprit that introduces i
A
al-.t: A Remove # toget . ¢ : [JA

= box t: LA

n




In a Nutshell

Normalization can be achieved for Fitch-style modal
lambda calculi by constructing NbE models as instances
of their possible-world semantics, thus avoiding ad hoc

syntactic approaches based on rewriting.

Agda mechanization: github.com/nachivpn/k



https://github.com/nachivpn/k
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