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Modal Logic Intuitionistic K (IK)



Intuitionistic Logics With Axioms Beyond K

IS4

IK4

IT
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Fitch-style Lambda Calculus for IK (λIK) [Borghuis 1994]



Normalization Rules



Normalization by Rewriting?

Image credit: Sam Lindley, University of Edinburgh



Normalization by Rewriting?



Normalization by Evaluation

Image credit: Sam Lindley, University of Edinburgh
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The Story

• Part 1: Identify the possible worlds semantics

• Part 2: Construct NbE models as instances



Possible Worlds Semantics for IK [Božić & Došen 1984]



Possible Worlds Semantics for λIK



Box ~ Future



Lock ~ Past



Possible Worlds Semantics for λIK



Possible Worlds Semantics for λIK



Normalization by Evaluation



Normal Forms



Constructing an NbE Model for λIK

standard!
[Coquand 1993]



Key Observation From the Syntax of λIK/IT/IK4/IS4
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Constructing an NbE Model for λIK



Constructing an NbE Model for λIT



Constructing an NbE Model for λIK4



Constructing an NbE Model for λIS4



Constructing an NbE Model for λIK/IT/IK4/IS4



Why?



Potential Applications of NbE for Modal Lambda Calculi



Necessitation is Admissible in λIK



What About ”Denecessitation”?

How would you prove this?



Denecessitation Can be Proved Using Normal Forms

.

.

Remove       to get

Only culprit that introduces 

No neutrals in empty context, dismissed!



In a Nutshell

Normalization can be achieved for Fitch-style modal 
lambda calculi by constructing NbE models as instances 
of their possible-world semantics, thus avoiding ad hoc 

syntactic approaches based on rewriting.

Agda mechanization: github.com/nachivpn/k

https://github.com/nachivpn/k


EOM


