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From Fitch-Style Natural Deduction to a A-calculus
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From Fitch-Style Natural Deduction to a A-calculus
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From Fitch-Style Natural Deduction to a A-calculus
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From Fitch-Style Natural Deduction to a A-calculus
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Fitch-Style Lambda Calculus for IK (Ax) rBorghuis 1994]
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Normalization Rules
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Normalization by Rewriting?

n rules complicate the reduction relation
Each system demands different syntactic lemmas
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Normalization by Evaluation

(_) :THA=[I'] = [A4]

quote : [I'] = [A] = T ks A

norm : I'FA= I'ks A

norm t = quote (t)




Models of Fitch-Style Modal Calculi

What is [T = [A]?



The Story

 Part 1: Identify the possible-world semantics

o Part 2: Construct NbE models as instances




Possible-World Semantics for IPL

Model M: (F,V)
Frame F: (W, R;)
R; is a preorder that V respects

[7]w = V(w,7)
[A — B]l, = V' wRw = [A]w = [B]w

Monotonicity: wR;w" = [A]w = [A]w




Possible-World Semantics for IK [Plotkin and Stirling 1086]

Model M: (F,V)

Frame F: (W, R;, R;,)

Ri 1S []

[[

7]
[A— B]
Al

w = V(w,T)
w=VYw'. wRw" = [A]w = [Blw
w =Y. wRyw = Yv. w' R,,v = [A],

Monotonicity: wR;w" = [A]w = [A]w




Possible-World Semantics for Ak

Model M: (F,V)
Frame F: (W, R;, R;,)
RZ’ 1S [ . ]

(A, Alw = [Alw < [Alw
IAvnw =77




Box ~ Future




L.ock ~ Past




Possible-World Semantics for Ak

Model M: (F,V)

Frame F: (W, R;, R;,)

R;is [...]

Rp; Ry € Ri; Ry, [w=T

[A; Alw = [Alw X [Allw

(A, @8], = Ju. [A], X uRw

Monotonicity: wR;w’ = [A]w = [A]w




Possible-World Semantics for Ak

Model M: (F,V)

Frame F: (W, R;, R,)

R; is a preorder that V respects
R.,.; R; € R;; Ry,



NbE Using Possible-World Semantics

(_) : THFA= (Vw. ']y = [A]w)

quote : (Vw. [y = [A]w) =T ke A

norm : I'FA= I'ks A

norm t = quote (t)




Normal Forms

F&8k.t: A I'kgt:OA
ke box t: A &Ik, unbox t: A

g1




Constructing an NbE Model for STLC

Model M: (F,V)
Frame F: (W, R;)

R; is a preorder that V respects
quote : (Vw. [I'|w = [A]w) =T ks A W — Contexts
[Coquand 1993] - V(F, ’7') =3 |1_\IE T
R; = < (Weaker)




Constructing an NbE Model for Aj

Model M: (F,V)

Frame F: (W, R;, R,)

R; is a preorder that V respects
R.,.; R; € R;; Ry,

quote : (Vw. [I'|y = [A]w) = T'ke A W = Contexts

VIO, 7)=TkgT
R; = < (Weaker)
R, =77




Key Observation From the Syntax of Ak s,
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Key Observation From the Syntax of Ak s,

VIV.TR,,I"=1T"Ft: A . I'Ht:04AxTR,,A

FarFt: A I'-¢t:0A I'R,,,A
['Fboxt:[A AFunboxt: A




Constructing an NbE Model for Ak

| Il A
" T.@&T'F unbox t: A
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'R,A = dAI". A=T,8T st. &¢I’




Constructing an NbE Model for A;y

T:[JA — A

I'=¢:0A 4o < 1

A
I T'Funboxt:A_®

FR,A = V. A=T,I"s.t. #g(I") <1

R, is reflexive




Constructing an NbE Model for A,

4: JA — UA

\ '=t:0A
S T,&,IF unbox t: A

'R,,A = A". A=T.8T"

R,, is transitive




Constructing an NbE Model for A,

T:[JA — A
4: 1A — A

\ I'~t¢:0A
> E’I—unboxt:A

F'R,,A = JI". A=T,T"

R,, is reflexive and transitive




Constructing an NbE Model for A rr/iks/iss

quote : (VA. [[F]]A = [[A]]A) = I'key A

using reify : VI'. [HA]r = I' iy OA

Know [JA]p = VI'. TR,I” = VX. T'R,, ¥ = [A]s
Pick IV as I" and ¥ as I, @ to get [[A]]F,ﬂ
reify [A] . g toget n:T' @y A

box n: I ke UA







Programming Language Applications

Interpretations of [L1A:

Language with capabilities for effects: Pure values of type A
Information-flow: Secret value of type A

Partial Evaluation: Dynamic value of type A
Normal forms can be used to prove:
e Capability safety
e Noninterference

e Binding-time correctness




Proving Capability Safety

Show: Any term ¢ : Cap -t : O(T()) does not print

I'-t: A I'Fc:Cap I'F s:String
[I'Freturnt: TA [+ print ¢ s : T()

I'-t: TA I'f:A—TB
I'Ft>=u:TB

Extend A\ig4 with a monad for printing




Proving Capability Safety

Show: Any term ¢ : Cap -t : O(T()) does not print

c : Cap lgr box (mq >= mg >= ... >= (return ()))
¢ : Cap, @ gy m1 >= mgy >= ... >= (return ())

m,; = print ¢ s is impossible
c : Cap, @ g return ()

¢ : Cap kr box (return ())




Completeness, Decidability and Logical Applications

NbE can be used to prove:

e Deductive completness with possible-world semantics

e Completeness of equational theory with categorical models
e Decidability of equational theory

e Constructive proof of Denecessitation



In a Nutshell

Normalization for Fitch-style modal calculi can be
achieved by constructing NbE models as instances of
their possible-world semantics, thus avoiding tedious
syntactic arguments based on reduction.

Paper and Mechanization: nachivpn.me/k
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