
Normalization by Evaluation with Free Extensions

Nathan Corbyn1, Ohad Kammar2, Sam Lindley2, Nachi Valliappan3, Jeremy Yallop4

1 Oxford University, 2 University of Edinburgh, 3 Chalmers University of Technology, 4 Cambridge University

TyDe, 11 Sep ’22, Ljubljana







“Examples showing that NbE provides a principled alternative to 
ad hoc techniques that combine deep and shallow embedding to 

implement fusion for functions, loops and arrays in an eDSL”



“Examples showing that NbE provides a principled alternative to 
ad hoc techniques that combine deep and shallow embedding to 

implement fusion for functions, loops and arrays in an eDSL”



“Examples showing that NbE provides a principled alternative to 
ad hoc techniques that combine deep and shallow embedding to 

implement fusion for functions, loops and arrays in an eDSL”



Reviewer 2



Reviewer 2 strikes again!
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“just a huge long list of examples”



Reviewer 2 strikes again!

“feels like there's an underlying technique trying to 
get out, but I'm not sure what it is. Without seeing 

the technique it's also hard to criticise the technique”

…did get published in Haskell ’21.





Solver







Key idea!



Neutrals and normal forms

Requires some ingenuity







Normalization by Evaluation (NbE)



NbE interpretation of types

As usual!



Frex interface

Requires some ingenuity

Pick as normal forms



NbE proofs using Frex



There’s more and lots to be done

NbE with Free Extensions: 
• Information-flow control extension

• WIP: Formal account of the recipe

• TODO: Extend to multi-sorted algebras

NbE as a Free Extension:
• Ocaml implementation   

• Free Extensions of Categories, CCCs, STLC

Check out Nathan’s poster at SRC



Calling NbE fans



In a Nutshell

Normalization by Evaluation for primitive 
types by leveraging their algebraic structure.

Extended abstract: nachivpn.me/nwf.pdf

https://nachivpn.me/nwf.pdf
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