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Abstract6

Cover semantics is an approach to modelling non-classical logics, pioneered by Goldblatt, that can7

be understood as a generalisation of Beth-Kripke-Joyal semantics for intuitionistic propositional8

logic. The versatility of cover semantics has been demonstrated in recent results that show how cover9

semantics can be used to constructively prove meta-logical results such as completeness, consistency10

and normalisation for a variety of logics with an intuitionistic base. In this work, we take a step11

backwards and show that this versatility runs deeper than previously shown. We show that cover12

semantics can as well be used for logics that forego the intuitionistically characteristic distribution13

of conjunction over disjunction. We begin with cover semantics for a non-distributive positive logic,14

i.e. without implication or negation, known as lattice logic and show how it can be extended to15

model complex systems with a lattice base including a positive modal logic, first-order lattice logic,16

and a typed program calculus with commuting conversions that corresponds to lattice logic.17
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1 Introduction24

Cover systems provide an alternative approach for modelling the truth of logical formulas,25

compared to the widely used truth-functional approach of classical propositional logic and26

the relational approach of Kripke’s semantics for intuitionistic and modal logics [37, 38]. The27

origins of cover semantics can be traced to the topological notion of local truth, where a28

logical formula is locally true at a world w when w has a cover, e.g. an open neighbourhood,29

in which the formula is true. This leads to a “non-local” interpretation for disjunctions:30

w |= φ ∨ ψ iff there exists a cover of w in which every element satisfies φ or ψ.31

The key idea underlying cover semantics is to let go of the rigid structural assumption that32

covers must be open neighbourhoods in some topological space, and instead define them, for33

a given set W of worlds, simply as a collection of subsets of W for each world w ∈ W .34

The use of cover systems dates back to Joyal [36], and the so-called Kripke-Joyal semantics35

for intuitionistic logic in topoi [40]. It was later popularised by Goldblatt, who initially used36

it to model a first-order logic characterised by quantales [23] using an interpretation for37

disjunctions reminiscent of Beth’s semantics [5]. Cover semantics has since been shown to38

be a remarkably versatile approach for modelling a variety of non-classical logics including39

intuitionistic modal logics [24, 46, 50], relevance logic [25], and substructural logics [28, 26].40

A central theme in Goldblatt’s work on cover semantics is to give representations for41

the algebraic models of non-classical logics. The starting point is a cover system (W,≤,◁),42

where W is a set of worlds, ≤ a preorder on W , and ◁ ⊆ W × P(W ) a cover relation on W .43
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2 Cover semantics beyond distributivity

A subset A ⊆ W is called an upset when w ∈ A and w ≤ v imply v ∈ A, and localised when44

w ◁ α ⊆ A implies w ∈ A. Under suitable conditions, Goldblatt shows that the collection of45

localised upsets of a cover system represent algebras such as locales and Heyting algebras.46

Despite its mathematical elegance, Goldblatt’s top-down representation-led approach to47

cover semantics is not always amenable to standard techniques used to constructively analyse48

a logic and its proof system. For example, Goldblatt’s cover semantics for quantified lax logic49

does not support the construction of a Henkin-style model without prime filters [24, Section 8]50

even though it is shown sound and complete via a representation theorem. This is unfortunate,51

because cover semantics is exceptionally well suited for constructive proofs. Recent work52

by Valliappan [50] provides cover semantics amenable to constructive completeness proofs53

for propositional intuitionistic logic as well as several modal extensions, but their work is54

limited to distributive logics. Remedying this limitation is the starting point of our work.55

In this paper we revisit cover semantics for (not necessarily distributive) lattices, which56

models the logic known as lattice logic [45], non-distributive positive logic [11, 13], finite sum-57

product logic [12] and weak positive logic [7]. This logic originates from Dalla Chiara [11], in58

the context of quantum logics. Subsequently, non-distributive logics have been studied59

extensively, from the perspective of proof theory [11, 45, 12], semantics [49, 45, 19, 13, 29],60

and duality theory [49, 35, 34, 7, 6]. Besides quantum logic, non-distributivity is also a61

common phenomenon in theoretical computer science [21, 43] and linguistics [39, 51].62

Our work on lattice logic improves upon Goldblatt’s representation of lattices [27] in63

two prominent ways. First, we minimise the definition of a cover system for lattice logic by64

stripping the preorder. This liberates the construction of models from routine overhead, and65

allows us to unveil an embedding of lattice logic into a suitable classical monotone modal logic,66

which is simpler than existing translations that use two-sorted semantics [33, 14]. Second,67

we leverage the convenience of our reformulation for constructively proving completeness68

and normalisation. After setting up this propositional basis, we extend our development in69

three different directions to illustrate the power of cover semantics to surpass existing results.70

We prove completeness constructively for three important extensions, namely with modal71

operators, quantifiers and predicates, and proof terms accompanied by an equational theory.72

1. Modal lattice logic. In Section 3, we show that cover semantics for lattice logic can73

be extended to accommodate modal operators. We begin by adding a monotone modal74

operator ♡ to lattice logic and interpret the resulting logic using a second cover relation ◀.75

A unique outcome of this study is a constructive proof of completeness for a positive modal76

logic. We then show how additional modal axioms can be handled in the semantics.77

2. First-order lattice logic. Next, in Section 4, we enrich lattice logic with constants,78

predicates and quantifiers and show how cover systems adapt to this extension. By adapting79

Goldblatt’s original proof of completeness for first-order intuitionistic logic [24] to the setting80

of lattice logic, we show that cover systems can also constructively model first-order logics81

without the distributivity of conjunction over disjunction.82

3. Program calculus. Finally, in Section 5, we define and analyse a typed program83

calculus LC based on lattice logic, and present a proof-relevant refinement of cover semantics84

that models its equational theory. We identify a categorical semantics for LC that validates85

commuting conversions and show that the refined cover semantics of LC is an instance of it.86

Cover models notably allow us to conduct an independent and isolated analysis of commuting87

conversions for sum types in the absence of functions (which force distributivity), untangling88

a notoriously difficult combination in the study of typed lambda calculi [1, 18, 41].89
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2 Lattice logic90

Lattice logic is a “positive” sublogic of intuitionistic logic, i.e. a logic that omits implication91

and negation. Formally, we define the language L and contexts CtxL by:92

φ ::= p ∈ Prop | ⊤ | ⊥ | φ ∧ φ | φ ∨ φ Γ ::= · | Γ, φ93

As usual, ⊤ denotes truth, ⊥ denotes falsity, ∧ denotes conjunction and ∨ denotes disjunction.94

The connectives ∧ and ∨ have equal operator precedence and associate to the right. Note95

that a context Γ is simply a finite list of formulas, with · denoting the empty list.96

▶ Definition 1. A sequent-style natural deduction proof system for lattice logic L can be97

given using the following inference rules. A judgment Γ ⊢ φ asserts that formula φ has a98

proof under the assumption that all formulas in context Γ have a proof. We sometimes99

write Γ ⊢L φ to emphasise that it is a judgment in the proof system of lattice logic.100

φ ∈ Γ
Γ ⊢ φ

(hyp) Γ ⊢ ⊤ (⊤-in) Γ ⊢ ⊥
Γ ⊢ φ

(⊥-el)
101

Γ ⊢ φ ∧ ψ

Γ ⊢ φ
(∧-el1) Γ ⊢ φ ∧ ψ

Γ ⊢ ψ
(∧-el2) Γ ⊢ φ Γ ⊢ ψ

Γ ⊢ φ ∧ ψ
(∧-in)

102

Γ ⊢ φ

Γ ⊢ φ ∨ ψ
(∨-in1) Γ ⊢ ψ

Γ ⊢ φ ∨ ψ
(∨-in2) Γ ⊢ φ ∨ ψ φ ⊢ χ ψ ⊢ χ

Γ ⊢ χ
(∨-el)

103

For ∆ ∈ CtxL, we write Γ ⊢ ∆ to denote that Γ ⊢ φi for all φi ∈ ∆.104

The inference rules consist of introduction (-in) and elimination (-el) rules. The absence of105

context in some of the premises of the (∨-el) rule prevents the rule from proving distributivity.106

▶ Lemma 2 (Cut admissibility). If Γ ⊢ ∆ and ∆ ⊢ φ then Γ ⊢ φ.107

Proof. By induction on the derivation of the judgment ∆ ⊢ φ. ◀108

2.1 Cover models for lattice logic109

The cover systems used in this paper arise from those in [27, Section 2] by leaving out the110

preorder and the refinement condition.111

▶ Definition 3. A cover system for lattice logic is a tuple (W,◁) consisting of a set W of112

“worlds” and a cover relation ◁ ⊆ W × P(W ) that satisfies the following conditions:113

w ◁ {w} (identity)114

if w ◁ α and v ◁ αv for all v ∈ α, then w ◁
⋃
v∈α

αv (transitivity)115

For a set α ⊆ W and world w ∈ W , we say α covers w, or w is covered by α, when w ◁ α.116

We say that a set A is localised if it contains all worlds that are covered by some subset of A,117

and write Loc(W,◁) for the collection of localised subsets of (W,◁).118

A cover α of a world w may be understood as a “locality” of knowledge states capturing119

knowledge local to w. A localised subset can then be thought of as a set closed under local120

knowledge. Closing a subset under locality yields the locality operator ⟨◁⟩ on P(W ), given by121

⟨◁⟩A := {w ∈ W | w ◁ α ⊆ A for some α}. A set A ⊆ W is localised if ⟨◁⟩A ⊆ A. Moreover,122

⟨◁⟩ is monotonic (i.e. A ⊆ B implies ⟨◁⟩A ⊆ ⟨◁⟩B), and (identity) and (transitivity) entail123

that it is inflationary (i.e. A ⊆ ⟨◁⟩A) and idempotent (i.e. ⟨◁⟩⟨◁⟩A = ⟨◁⟩A). We have:124
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▶ Lemma 4. Let (W,◁) be a cover system.125

1. The operator ⟨◁⟩ is monotonic, inflationary and idempotent, hence a closure operator.126

2. For any A ⊆ W , the set ⟨◁⟩A is localised.127

3. The intersection of an arbitrary collection of localised subsets of (W,◁) is localised.128

▶ Definition 5. A cover model for lattice logic is a triple M = (W,◁, V ) consisting of a cover129

system (W,◁) and a valuation V : Prop → Loc(W,◁) of propositional atoms as localised130

upsets of (W,◁). The truth of formulas at a world w is defined recursively as follows:131

M, w |= p iff w ∈ V (p)132

M, w |= ⊤ always133

M, w |= ⊥ iff w ◁ ∅134

M, w |= φ ∧ ψ iff M, w |= φ and M, w |= ψ135

M, w |= φ ∨ ψ iff there exists α ⊆ W such that w ◁ α ⊆ JφKM ∪ JψKM136

Here JφKM := {w ∈ W | M, w |= φ} denotes the truth set of φ. We extend this to contexts137

via JΓKM =
⋂
ψ∈ΓJψKM, and drop the superscript M when it is clear from context. We write138

Γ |=M φ when JΓKM ⊆ JφKM, and Γ |=L φ when Γ |=M φ for all cover models M.139

▶ Example 6. Consider the cover model (W,◁, V ) with W = {w, v, u}
and with ◁ given by w ◁ {v, u} and x ◁ {x} for all x ∈ W . Define
V (p) = {w}, V (q) = {v} and V (r) = {u}. Then w |= p ∧ (q ∨ r) but
w ̸|= (p ∧ q) ∨ (p ∧ r), so the model invalidates distributivity. w

v u
140

A straightforward induction on the structure of φ proves the following analogue of the141

persistence or heredity property from intuitionistic logic.142

▶ Lemma 7. For any cover model M and formula φ ∈ L the set JφKM is localised.143

▶ Proposition 8 (Soundness). For all Γ ∈ CtxL and φ ∈ L, Γ ⊢ φ implies Γ |=L φ.144

Proof. By induction on the derivation of the judgment Γ ⊢L A, we show JΓKM ⊆ JφKM for145

an arbitrary model M. The interesting cases are that of (⊥-el) and (∨-el). For (⊥-el), the146

induction hypothesis gives us JΓK ⊆ J⊥K. Since J⊥K = ⟨◁⟩∅ ⊆ ⟨◁⟩JφK by Lemma 4(1), we can147

conclude Γ ⊆ JφK as desired, by invoking Lemma 7 for formula φ which gives us ⟨◁⟩JφK ⊆ JφK.148

A similar argument applies for (∨-el) by applying Lemma 7 on the concluding formula χ. ◀149

2.2 Completeness150

We prove completeness of L with respect to cover semantics by constructing a canonical151

model ML in which entailment (Γ |=ML φ) coincides with derivability (Γ ⊢L φ).152

▶ Definition 9. For φ ∈ L, we denote by Ant(φ) := {Γ ∈ Ctx | Γ ⊢L φ} the set of antecedents153

of a formula φ. Define the relation ◁L ⊆ Ctx × P(Ctx) inductively by:154

Γ ◁L {Γ}
(◁-id)

Γ ∈ Ant(⊥)
Γ ◁L ∅

(◁⊥) Γ ∈ Ant(φ ∨ ψ) {φ} ◁L α1 {ψ} ◁L α2

Γ ◁L α1 ∪ α2
(◁∨)

155

Observe that this relation is “proof-relevant” in the sense that a relationship Γ ◁L α is156

witnessed by a derivation tree constructed using the above inference rules.157

▶ Lemma 10. (CtxL,◁L) is a cover system, and Ant(φ) ∈ Loc(CtxL,◁L) for all φ ∈ L.158
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Define the canonical valuation VL for (CtxL,◁L) by VL(p) = Ant(p). Then ML =159

(CtxL,◁L, VL) is a cover model. We can now prove that the set of antecedents of any φ ∈ L160

is identical to its truth set in ML, i.e. Ant(φ) = JφKML . In other words:161

▶ Lemma 11 (Truth lemma). For any φ ∈ L and Γ ∈ CtxL, we have Γ ⊢ φ iff ML,Γ |= φ.162

Proof. We use induction on the structure of φ. The cases for φ = ⊤ and φ = p ∈ Prop hold163

by definition, and that for φ = ψ ∧ χ is routine. If φ = ⊥ and Γ ⊢L ⊥ then Γ ◁L ∅ ⊆ J⊥K,164

so ML,Γ |= ⊥. Conversely, if ML,Γ |= ⊥ then Γ ∈ ⟨◁L⟩∅, hence by monotonicity of ⟨◁L⟩165

and localisation of Ant(⊥), we have Γ ∈ ⟨◁L⟩(Ant(⊥)) ⊆ Ant(⊥). This implies Γ ⊢ ⊥.166

Lastly, if φ = ψ∨χ and Γ ⊢L ψ∨χ then (◁-id) and induction entail {ψ} ◁L {{ψ}} ⊆ JψK,167

and {χ} ◁L {{χ}} ⊆ JχK. Therefore (◁∨) gives Γ ◁L {{ψ}, {χ}} ⊆ JψK∪JχK, so by definition168

ML,Γ |= ψ ∨ χ. For the converse, assume ML,Γ |= ψ ∨ χ. Then by definition, induction,169

monotonicity of ⟨◁L⟩ and the fact that Ant(ψ∨χ) is localised, we find Γ ∈ ⟨◁L⟩(JψK∪ JχK) =170

⟨◁L⟩(Ant(ψ) ∪ Ant(χ)) ⊆ ⟨◁L⟩(Ant(ψ ∨ χ)) ⊆ Ant(ψ ∨ χ). So Γ ⊢ ψ ∨ χ. ◀171

▶ Theorem 12. For any Γ ∈ CtxL and φ ∈ L, we have Γ |=L φ if and only if Γ ⊢L φ.172

Proof. The direction from right to left is soundness. For the converse, note that for each173

ψ ∈ Γ, combining (hyp) and Lemma 11 gives ML,Γ |= ψ. Therefore Γ ∈
⋂
ψ∈ΓJψK, so that174

the assumption Γ |=L φ entails Γ ∈ JφK, i.e. ML,Γ |= φ, hence Γ ⊢L φ by Lemma 11. ◀175

▶ Remark 13. Cover systems can be viewed as neighbourhood frames. As such, they provide176

semantics for classical monotone modal logic [10, 31, 44], with a modality # interpreted by177

w |= #φ iff w ◁ α ⊆ JφK for some cover α. It can be shown that the extension of classical178

monotone modal logic with the S4-axioms p → #p and ##p → #p is sound and complete179

with respect to the class of cover systems. Let us call this logic MS4. We can translate L180

into the classical modal language via181

t(p) := #p, t(⊤) := ⊤, t(⊥) := #⊥, t(φ∧ψ) := t(φ)∧t(ψ), t(φ∨ψ) := #(t(φ)∨t(ψ))182

and extend this to contexts as expected. It can then be shown that for all φ ∈ L and183

Γ ∈ CtxL we have Γ ⊢ φ if and only if t(Γ) ⊢MS4 t(φ) (see Appendix A). In other words,184

lattice logic can be embedded into the classical monotone modal logic MS4.185

2.3 Normalisation by Evaluation186

In this subsection, we construct a different kind of canonical model to show that every187

judgement derivable in lattice logic has a derivation in normal form. Our model construction188

closely follows the semantics-based normalisation technique known as Normalisation by189

Evaluation (NbE) [4, 3]. The normal forms defined below serve the same purpose as a190

“cut-free” proof in sequent calculus and ensure that there are no unnecessary inference rules.191

▶ Definition 14. A judgement Γ ⊢NF φ characterises derivations in normal form, while Γ ⊢NE φ192

characterises derivations in neutral form. The judgement Γ ⊢NE φ ensures that the formula φ193

is a subformula of some formula in Γ, while the judgement Γ ⊢NF φ ensures that its derivation194

respects the subformula property, which means that at every inference step of its derivation195

the formulas in the premises are subformulas of some formula in the conclusion.196
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φ ∈ Γ
Γ ⊢NE φ

(hyp) Γ ⊢NE φ ∧ ψ

Γ ⊢NE φ
(∧-el1) Γ ⊢NE φ ∧ ψ

Γ ⊢NE ψ
(∧-el2) Γ ⊢NE p

Γ ⊢NF p
(Prop-emb)

197

Γ ⊢NF ⊤ (⊤-in) Γ ⊢NE ⊥
Γ ⊢NF φ

(⊥-el) Γ ⊢NF φ Γ ⊢NF ψ

Γ ⊢NF φ ∧ ψ
(∧-in) Γ ⊢NF φ

Γ ⊢NF φ ∨ ψ
(∨-in1)

198

Γ ⊢NF ψ

Γ ⊢NF φ ∨ ψ
(∨-in2) Γ ⊢NE φ ∨ ψ φ⊢NF χ ψ ⊢NF χ

Γ ⊢NF χ
(∨-el)

199

For a formula φ ∈ L, let us write Ne(φ) := {Γ ∈ Ctx | Γ ⊢NE φ} for the set of neutral200

antecedents of φ and Nf(φ) := {Γ ∈ Ctx | Γ ⊢NF φ} for the set of normal antecedents of φ.201

Recall that the essential character of the canonical model ML used to prove completeness202

for lattice logic was its ability to equate entailment in the model ML with the derivability203

of the corresponding judgment. In contrast, we now desire a canonical model MN in204

which entailment in MN implies derivability of the corresponding judgment in normal form,205

i.e. Γ |=MN φ implies Γ ⊢NF φ. We will achieve this by proving a refinement of the truth lemma206

characteristic of NbE algorithms known as reification, which states that JφKMN ⊆ Nf(φ),207

and reflection, which states that Ne(φ) ⊆ JφKMN .208

Define a canonical relation ◁N ⊆ Ctx × P(Ctx) akin to the canonical relation ◁L from209

earlier by replacing all occurrences of Ant in the premises of the rules with Ne as follows:210

Γ ◁N {Γ}
(◁-id)

Γ ∈ Ne(⊥)
Γ ◁N ∅

(◁⊥) Γ ∈ Ne(φ ∨ ψ) {φ} ◁N α1 {ψ} ◁L α2

Γ ◁N α1 ∪ α2
(◁∨)

211

As before we can show that ◁N is a cover relation by repeating the induction on its212

construction. In light of this cover relation, we can further show that the set Nf(φ) is a213

localised set of the cover system (Ctx,◁N ) for any formula φ ∈ L. This means we can define214

the canonical valuation by VN (p) = Nf(p), equating the truth of an atom with its normal215

antecedents. Let us now define a canonical NbE model MN = (CtxL,◁N , VN ).216

▶ Lemma 15 (Reify-Reflect lemma). For any φ ∈ L, JφKMN ⊆ Nf(φ) and Ne(φ) ⊆ JφKMN .217

Proof. By repeating the induction from Lemma 11 on the structure of φ. ◀218

▶ Theorem 16 (Completeness of normal forms for lattice logic). Γ ⊢L φ if and only if Γ ⊢NF φ.219

Proof. From left to right, note that for all ψ ∈ Γ we have Γ ∈ Ne(ψ) by the (hyp) rule,220

which means Γ ∈
⋂
ψ∈ΓJψKMN = JΓKMN , in light of Lemma 15. By soundness of lattice logic221

in Proposition 8 for the assumption Γ ⊢L φ we also have Γ ∈ JφKMN , which when combined222

with Lemma 15 once again gives us Γ ∈ Nf(φ) and thus Γ ⊢NF φ as desired. The converse223

direction follows readily by induction on the derivation of the judgement Γ ⊢NF φ. ◀224

2.4 Digression: weak cover systems225

What happens if we drop (identity) from our cover systems? Let us call the resulting cover226

systems and models weak cover systems and models. We use the same definition of localised227

subsets and the interpretation from Definition 5, and prove persistence as in Lemma 7. Then228

it turns out that this seemingly minor semantic modification has a large impact on the logic.229
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▶ Example 17. Consider the cover system (W,◁) with W = {w, v}
and w ◁ {v} and v ◁ {v}. Then the localised subsets are ∅, {w} and
W . The set {v} is not localised, because w ◁ {v} ⊆ {v} and w /∈ {v}.
Evaluate proposition letters p and q as V (p) = {w} and V (q) = ∅.
Then we have w |= p while w ̸|= p ∨ q, invalidating (∨-in1).

w

v
230

w

v u

s t ▶ Example 18. Let W = {w, v, u, s, t} and define ◁ by w ◁ {v, u}
and u ◁ {s, t}. This trivially satisfies (transitivity) because each cover
contains a world that does not have any cover. With V (p) = {v},
V (q) = {s} and V (r) = {t}, it can be shown that w |= p ∨ (q ∨ r) but
w ̸|= (p ∨ q) ∨ r, invalidating associativity of ∨.

231

We can obtain a proof system corresponding to this semantics by weakening the disjunction232

rules from Definition 1 as follows.233

▶ Definition 19. Let WL, for weak lattice logic, be the logic given by the rules (hyp), (⊤-in),234

(⊥-el), (∧-el1), (∧-el2) and (∧-in) from Definition 1, together with:235

Γ ⊢ φ ∨ ψ φ ⊢ χ ψ ⊢ ξ

Γ ⊢ χ ∨ ξ
(∨-mon) Γ ⊢ φ ∨ φ

Γ ⊢ φ
(∨-id)

236

Γ ⊢ φ ∨ φ

Γ ⊢ φ ∨ ψ
(∨-wk) Γ ⊢ ψ ∨ φ

Γ ⊢ φ ∨ ψ
(∨-comm)

237

We write Γ ⊢WL φ if the judgement Γ ⊢ φ can be derived in WL.238

We cannot have contexts in two of the premises of (∨-mon) as this would introduce239

distributivity. Also note that we can combine (∨-mon) and (∨-id) to obtain (∨-el). However,240

in absence of (∨-in1) and (∨-in2) we cannot derive (∨-mon) from (∨-el).241

Write Γ |=WL φ if Γ |=M φ for all weak cover models M. A routine induction on the242

structure of a proof of Γ ⊢WL φ then yields soundness, i.e. Γ ⊢WL φ implies Γ |=WL φ.243

Completeness follows from a modification of the canonical model construction from Section 2.2.244

▶ Definition 20. Define the covering relation ◁WL ⊆ CtxL × P(CtxL) inductively by (◁-id)245

and (◁∨) from Definition 9, together with246

Γ ∈ Ant(φ ∨ ψ)
Γ ◁ {{φ}, {ψ}}

(◁WL∨)
247

As before, let VWL(p) = Ant(p) and define the canonical model as MWL = (CtxL,◁WL, VWL).248

This canonical model allows us to prove analogues of Lemmas 10 and 11, so that:249

▶ Theorem 21. For any Γ ∈ CtxL and φ ∈ L, we have Γ |=WL φ if and only if Γ ⊢WL φ.250

3 Modal lattice logic251

We extend lattice logic with a modal operator ♡. The resulting logic is a minimal modal logic252

that algebraically corresponds to a lattice accompanied by a unary monotone operator ♡.253

Formally, we define the language M and collection of contexts CtxM via:254

φ ::= p ∈ Prop | ⊤ | ⊥ | φ ∧ φ | φ ∨ φ | ♡φ Γ ::= · | Γ, φ.255
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▶ Definition 22. Define the proof system M for modal lattice logic as the extension of the256

inference rules in Definition 1 for lattice logic with the following “monotonicity” rule:257

Γ ⊢ ♡φ φ ⊢ ψ

Γ ⊢ ♡ψ (♡-mon)
258

We write Γ ⊢M φ to emphasise that sequent Γ ⊢ φ is derivable in this system.259

3.1 Modal cover models260

Let us now show how to model modal lattice logic using cover semantics. We inerpret the261

modal operator ♡ by extending cover models with an additional cover relation ◀.262

▶ Definition 23. A modal cover system is a tuple (W,◁,◀) that consists of a cover sys-263

tem (W,◁) and a modal cover relation ◀ ⊆ W × P(W ) such that:264

if w ◁ α and v ◀ αv for all v ∈ α, then w ◀
⋃
v∈α

αv (◁◀-transitivity)265

A modal cover model M = (W,◁,◀, V ) consists of a modal cover sysetm (W,◁,◀) and a266

valuation V : Prop → Loc(W,◁). The interpretation of M-formulas in a modal cover model267

M is given by extending the clauses from Definition 5 with268

M, w |= ♡φ iff there exists β such that w ◀ β ⊆ JφK.269

The relationship w ◀ α may be intuitively understood as asserting that set α is a270

collection of possible futures or refinement of knowledge that is currently known at world w.271

The condition (◁◀-transitivity) states that refinements αv of members v in a locality α272

of a world w are collectively a refinement of w. Formally this condition ensures that the273

interpretation of every formula is a localised subset of (W,◁). In light of this condition, a274

routine extension of the proof of Proposition 8 yields soundness for the proof system M.275

▶ Proposition 24. If Γ ⊢M φ then Γ |=M φ for every modal cover model M.276

For completeness, we extend the construction from Definition 9.277

▶ Definition 25. Define the cover relation ◁M via the clauses (◁-id), (◁⊥) and (◁∨) from278

Definition 9, and generate a modal cover relation ◀M ⊆ CtxM × P(CtxM) via:279

Γ ∈ Ant(♡φ)
Γ ◀M {{φ}}

(◀♡)
Γ ∈ Ant(⊥)

Γ ◀M ∅
(◀⊥) Γ ∈ Ant(φ ∨ ψ) {φ} ◀M α1 {ψ} ◀M α2

Γ ◀M α1 ∪ α2
(◀∨)

280

Define VM(p) = Ant(p) and let MM = (CtxM,◁M,◀M, VM).281

▶ Lemma 26. The tuple MM = (CtxM,◁M,◀M, VM) is a modal cover model.282

Proof. It can be shown as in Lemma 10 that ◁M satisfies (identity) and (transitivity) and283

that VM(p) ∈ Loc(CtxM,◁M) for each p. For (◁◀-transitivity), suppose Γ ◁M α and284

∆ ◀M β∆ for all ∆ ∈ α. We prove by induction on the construction of Γ ◁M α that285

Γ ◀M
⋃

∆∈α β∆. If it is constructed using (◁-id) then we have Γ ◀
⋃

∆∈α β∆ by definition,286

and if it is constructed using (◁⊥) then
⋃

∆∈α β∆ = ∅ and we can use (◀⊥). Lastly, if the287

last rule in the construction of Γ ◁M α is (◁∨), then the desired cover follows from the288

induction hypothesis and (◀∨). ◀289

▶ Lemma 27 (Truth lemma). For all Γ ∈ CtxM and φ ∈ M, we have MM,Γ |= φ iff Γ ⊢M φ.290
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Proof. We extend the proof of Lemma 11 with one more case, accounting for formulas of the291

shape φ = ♡ψ. If Γ ⊢M ♡ψ then by (◀♡) we have Γ ◀M {{φ}} ⊆ JφK, so MM,Γ |= ♡ψ. For292

the converse, suppose MM,Γ |= ♡ψ. Then there exists a cover α such that Γ ◀M α ⊆ JψK.293

We use induction on the construction of Γ ◀M α to show that Γ ⊢M ♡ψ.294

Case 1. If Γ ◀M α is obtained using (◀♡) then there exists χ such that Γ ⊢M ♡χ and295

{χ} = α. The assumption α ⊆ JψK entails {χ} ∈ JψK, i.e. MM, {χ} |= ψ, so by the induction296

hypothesis χ ⊢ ψ. This allows us to use (♡-mon) to obtain Γ ⊢ ♡ψ, as desired.297

Case 2. If Γ ◀M α is obtained using (◀⊥), then Γ ⊢ ⊥, so (⊥-el) gives Γ ⊢ ♡ψ.298

Case 3. Finally, if Γ ◀M α is obtained using (◀∨), then there exist formulas χ, ξ and covers299

α1, α2 such that {χ} ◀M α1 and {ξ} ◀M α2 and α = α1 ∪α2. Then α1 ⊆ JψK and α2 ⊆ JψK,300

so by induction we get χ ⊢M ♡ψ and ξ ⊢M ♡ψ. Using (∨-el) then gives Γ ⊢M ♡ψ. ◀301

▶ Theorem 28. For any Γ ∈ CtxM and φ ∈ M, we have Γ |=M φ if and only if Γ ⊢M φ.302

3.2 Further extensions303

The strength of a semantics for a minimal modal logic lies in its ability to accommodate304

extensions of the logic with additional modal axioms or inference rules. The following table305

shows how we can accommodate in cover semantics some common modal axioms and rules306

considered in the modal logic literature. To model a logic with a property on the left, we307

impose the corresponding condition on the right on a cover system for the logic.308

Logical axiom or rule Sufficient frame condition

(Γ ⊢ ♡⊥)/(Γ ⊢ ⊥) w ◀ ∅ implies w ◁ ∅
(· ⊢ φ)/(Γ ⊢ ♡φ) every world has a modal cover
If Γ ⊢ ♡φ ∧ ♡ψ then Γ ⊢ ♡(φ ∧ ψ) if w ◀ α and w ◀ β then w ◀ γ ⊆ α ∩ β for some γ
If Γ ⊢ φ then Γ ⊢ ♡φ w ◀ {w} for all worlds
If Γ ⊢ ♡♡φ then Γ ⊢ ♡φ ◀◀-transitivity

309

Observe that the canonical model MM already has the potential to validate the rule that310

infers Γ ⊢ ⊥ from Γ ⊢ ♡⊥ due to the below lemma. Canonical models for other extensions311

can be constructed by defining suitable cover relations, akin to [50].312

▶ Lemma 29. In presence of (Γ ⊢ ♡⊥)/(Γ ⊢ ⊥), we have that Γ ◀ ∅ implies Γ ◁ ∅ in MM.313

Proof. By induction on the construction of Γ ◀M ∅. It cannot be constructed using (◀♡).314

If it is constructed using (◀⊥), then we have Γ ∈ Ant(⊥), to which we apply the (◁⊥)315

rule to obtain Γ ◁ ∅. Lastly, if it is constructed using (◀∨) as the last rule, then for some316

formulas φ,ψ, it follows that Γ ∈ Ant(φ∨ψ) and from the induction hypotheses that {φ} ◁ ∅317

and {ψ} ◁ ∅, which allows us to apply the (◁∨) rule to obtain a construction of Γ ◁ ∅. ◀318

4 First-order lattice logic319

We extend lattice logic with constants, predicates and quantifiers. Syntactically, we extend320

the proof system from Definition 1 with the usual quantifier rules. Semantically, this is321

reflected by extending a cover system with a universe U of names, and an interpretation of322

the constants and predicates. Completeness is proven constructively using a modification of323

the completeness for first-order intuitionistic logic [24, Section 8].324
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4.1 Cover models for first-order lattice logic325

Let Pred be a set of predicate symbols, each accompanied by an arity, Cons a set of constants326

and Var a countably infinite set of variables. The the set of terms is Terms = Cons∪Var, and327

the first-order language F = F(Pred,Cons,Var) and first-order contexts CtxF are given by:328

φ ::= P (t1, . . . , tn) | ⊤ | ⊥ | φ ∧ φ | φ ∨ φ | ∀xφ | ∃xφ Γ ::= · | Γ, φ329

where P is an n-ary predicate, t1, . . . , tn ∈ Terms, and x ∈ Var. We write φ(t/x) for the330

result of substituting every free occurrence of x in φ with the term t.331

▶ Definition 30. The proof system F = F(Pred,Cons,Var) is given by extending the rules332

from Definition 1 with the following quantifier rules:333

Γ ⊢ φ

Γ ⊢ ∀xφ (∀-in)
Γ ⊢ ∀xφ

Γ ⊢ φ(t/x)
(∀-el) Γ ⊢ φ(t/x)

Γ ⊢ ∃xφ (∃-in) Γ ⊢ ∃xφ φ ⊢ ψ

Γ ⊢ ψ
(∃-el)

334

where in (∀-in) x is not free in Γ, and in (∃-el) x is not free in ψ.335

▶ Lemma 31. The modus ponens (mp) rule (Γ ⊢ φ φ ⊢ ψ)/(Γ ⊢ ψ) is derivable.336

Proof. Let Γ be a context and φ,ψ two first-order formulas. Then the derivation337

Γ ⊢ φ

Γ ⊢ φ ∨ φ
(∨-in1)

φ ⊢ ψ φ ⊢ ψ

Γ ⊢ ψ
(∨-el)

338

shows that (mp) is derivable. ◀339

The first-order language can be interpreted in cover frames with a universe U of names340

and an interpretation I of the constants and predicates as follows.341

▶ Definition 32. A first-order cover model is a structure M = (W,◁, U, I) where (W,◁) is a342

cover system, U is a universe of names and I is an interpretation that assigns to each constant343

c an element I(c) ∈ U , and to each n-ary predicate P a map I(P ) : Un → Loc(W,◁). An344

assignment of the variables for M is a function ρ : Var → U . We extend ρ to a map345

Terms → U on terms by setting ρ(c) = I(c) for every constant c. Furthermore, we denote by346

ρ[x := u] the assignment that sends x to u and acts as ρ on all other variables.347

The interpretation of first-order formulas is given by348

M, w |=ρ P (t1, . . . , tn) iff w ∈ I(P )(ρ(t1), . . . , ρ(tn))349

M, w |=ρ ⊤ always350

M, w |=ρ ⊥ iff w ◁ ∅351

M, w |=ρ φ ∧ ψ iff M, w |=ρ φ and M, w |=ρ ψ352

M, w |=ρ φ ∨ ψ iff there exists α ⊆ W such that w ◁ α ⊆ JφKρ ∪ JψKρ353

M, w |=ρ ∀xφ iff M, w |=ρ[x:=u] φ for all u ∈ U354

M, w |=ρ ∃xφ iff there exists α ⊆ W such that w ◁ α355

and for all v ∈ α we have M, v |=ρ[x:=u] φ for some u ∈ U356

Here JφKρ := {w ∈ W | M, w |=ρ φ} is the truth set of φ in M with assignment ρ, which is357

extended to contexts Γ as expected. We write Γ |=M φ if JΓKρ ⊆ JφKρ for all assignments ρ.358

Finally, we write Γ |=F φ if Γ |=M φ for all first-order cover models M for F .359
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Note that we have360

J∀xφKρ =
⋂
u∈U

JφKρ[x:=u] and J∃xφKρ = ⟨◁⟩
( ⋃
u∈U

JφKρ[x:=u]
)
. (1)361

▶ Lemma 33. Let M = (W,◁, U, I) be a first-order cover model and ρ an assignment of the362

variables. Then JφKρ ∈ Loc(w,◁) for all φ ∈ F.363

Proof. We extend the inductive proof of Lemma 7. If φ = P (t1, . . . , tn) then the statement364

holds by definition, and for quantified formulas we combine Equation (1) and Lemma 4. ◀365

▶ Theorem 34 (soundness). If Γ ⊢F φ then Γ |=M φ for every first-order cover model M.366

4.2 Completeness367

We fix a first order language F = F(Pred,Cons,Var). To construct a canonical model for F,368

we use an extended language Fext = (Pred,Cons∪Var,Var′) in which the elements of Var are369

added to Cons, and Var′ is a fresh set of variables. Then any F-formula is a Fext-sentence.370

▶ Definition 35. Let CtxF be the set of F-contexts and let UF = Cons ∪ Var. Define ◁F371

inductively on CtxF via the clauses from Definition 9 together with372

Γ ∈ Ant(∃xφ) {φ(c/x)} ◁F βc for all c ∈ UF

Γ ◁F
⋃
c∈UF

βc
(◁∃)

373

For each c ∈ Cons define IF (c) = c, and for each n-ary predicate P and terms t1, . . . , tn, let374

IF (P )(t1, . . . , tn) := Ant(P (t1, . . . , tn)). Finally, set MF := (CtxF,◁F , UF , IF ).375

▶ Lemma 36. The tuple MF = (CtxF,◁F , UF , IF ) is a first-order cover model for F .376

Recall that every formula φ in F is a Fext-sentence, so we can interpret φ in MF without377

giving an assignment of the variables. We obtain:378

▶ Lemma 37 (Truth lemma). For all φ ∈ F and Γ ∈ CtxF, MF ,Γ |= φ iff Γ ∈ Ant(φ).379

Proof. We extend the inductive proof from Lemma 11 with cases for the quantifier rules.380

Case φ = ∀xψ. Suppose MF ,Γ |= ∀xψ. Then by definition Γ ∈ Jψ(t/x)K for all t ∈ U , so381

by induction Γ ∈ Ant(ψ(t/x)) for all t ∈ U . Let y be a variable not occurring in Γ or ψ,382

then Γ ⊢ ψ(y/x) and by (∀-in) Γ ⊢ ∀yψ(y/x). Combining (∀-el) and (∀-in) shows that383

∀y(ψ(y/x)) ⊢ ∀xψ, so that (mp) yields Γ ∈ Ant(∀xψ).384

For the converse, suppose Γ ∈ Ant(∀xψ). Then Γ ⊢ ∀xψ, hence by (∀-el) we have385

Γ ⊢ ψ(t/x), i.e. Γ ∈ Ant(ψ(t/x)), for all t ∈ U . By induction MF ,Γ |= ψ(t/x) for all t ∈ U ,386

hence Γ ∈
⋂
t∈U Jψ(t/x)K = J∀xψK, i.e. MF ,Γ |= ∀xψ.387

Case φ = ∃xψ. Suppose MF ,Γ |= ∃xψ. Then by definition there exists a cover α such388

that Γ ◁ α ⊆
⋃
t∈UF

Jψ(t/x)K, so by the induction hypothesis Γ ◁ α ⊆
⋃
t∈UF

Ant(ψ(t/x)).389

By (∃-in), ψ(t/x) ⊢ ∃xψ. This implies Ant(ψ(t/x)) ⊆ Ant(∃xψ) for all terms t, so that390

Γ ◁ α ⊆ Ant(∃xψ) and by Lemma 36, Γ ∈ Ant(∃xψ).391

For the converse, suppose Γ ∈ Ant(∃xψ). Then by definition and the induction hypothesis392

Γ ◁
⋃
t∈UF

{ψ(t/x)} ⊆
⋃
t∈UF

Ant(ψ(t/x)) =
⋃
t∈UF

Jψ(t/x)K393

so by definition Γ |= ∃xψ, i.e. Γ ∈ J∃xψK. ◀394

Using the same proof as Theorem 21, but appealing to Lemma 37, yields:395

▶ Theorem 38. For all φ ∈ F and Γ ∈ CtxF, we have Γ |=F φ if and only if Γ ⊢F φ.396
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Γ, x : A⊢v x : A
Γ ⊢v x : A (y not in Γ)

Γ, y : B ⊢v x : A
Γ ⊢v x : A
Γ ⊢ x : A

Γ ⊢ unit : 1

Γ ⊢ t : 0
Γ ⊢ abort t : A

Γ ⊢ t : A Γ ⊢ t : B
Γ ⊢ pair t u : A×B

Γ ⊢ t : A×B

Γ ⊢ fst t : A
Γ ⊢ t : A×B

Γ ⊢ snd t : B

Γ ⊢ t : A
Γ ⊢ inl t : A+B

Γ ⊢ t : B
Γ ⊢ inr t : A+B

Γ ⊢ s : A+B x1 : A ⊢ t1 : C x2 : B ⊢ t2 : C
Γ ⊢ match s (x1 7→ t1) (x2 7→ t2) : C

Figure 1 Well-typed terms in LC.

5 Program calculus based on lattice logic397

In this section, we define and analyse a typed program calculus LC (for “lattice calculus”)398

based on lattice logic by assigning terms to the proof rules from earlier. The language of399

types is in one-to-one correspondence with formulas and is defined as follows:400

A ::= ι | 1 | 0 | A×A | A+A Γ ::= · | Γ, x : A (x not in Γ)401

The type ι denotes an uninterpreted base type, 1 and 0 denote the unit and empty type,402

respectively, A× B denotes the product of two types, and A+ B denotes the sum of two403

types. A context Γ is a finite list x1 : A1, . . . , xn : An of unique type assignments to variables.404

The term language of LC consists of variables (x, y, . . . ) and term constructs for the405

unit type (unit), empty type (abort), product types (pair, fst, snd) and sum types (inl, inr406

and match). The typing judgements Γ ⊢ t : A for LC are defined in Figure 1. Observe the407

typing rule for the match construct: given a scrutinee Γ ⊢ s : A+B, the branches A ⊢ t1 : C408

and B ⊢ t2 : C of a term Γ ⊢ match s (x1 7→ t1) (x2 7→ t2) : C cannot access variables in Γ.409

In light of the match construct, sum types in LC enable a kind of strict choice where the410

result of a match can only depend (if at all) on the value produced by the scrutinee.411

The equational theory for LC is given in Figure 2. The η rules state how a term of412

a given type can be expanded to one in canonical form and the β rules state how terms413

with “detours” can be reduced when an elimination term construct (e.g. fst) is applied to414

an introduction construct (e.g. pair). The π rules, also known permutation rules [48] or415

commuting conversions, state that an elimination construct (specified by the grammar E416

in Figure 2) can be permuted with the constructs abort and match. We may extend the417

equational theory in Figure 2 with the rules πI0 and πI+ below to admit a stronger η+418

rule (η†
+) for sum types (denoted by +.η† in [41]), which states that for any Γ ⊢ s : A+B419

and x : A + B ⊢ t : C we have t[s/x] ≈ match s (x1 7→ t[inlx1/x]) (x2 7→ t[inr x2/x]), and420

similarly a stronger η0 rule (η†
0) stating t[s/x] ≈ abort s for any Γ ⊢ s : 0 and x : 0 ⊢ t : C.421

I[abort t] ≈ abort t (πI0)422

I[match s (x1 7→ t1) (x2 7→ t2)] ≈ match s (x1 7→ I[t1]) (x2 7→ I[t2]) (πI+)423

where I[ ] ::= inl [ ] | inr [ ]424

These rules simplify the categorical semantics of LC, as we will see shortly, but are not425

always desirable in the study of program calculi, since they lead to an explosion in the size426

of normal forms and complicate the normalisation algorithm significantly [20, 1, 41].427
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If Γ ⊢ t : 1 then t≈ unit (η1)
fst (pair t u) ≈ t (β×1)
snd (pair t u) ≈u (β×2)
If Γ ⊢ t : A×B then t≈ pair (fst t) (sndu) (η×)
If Γ ⊢ t : 0 then t≈ abort t (η0)
If Γ ⊢ t : A+B then t≈ match t (x1 7→ inlx1) (x2 7→ inr x2) (η+)
match (inl s) (x1 7→ t1) (x2 7→ t2) ≈ t1[s/x1] (β+1)
match (inr s) (x1 7→ t1) (x2 7→ t2) ≈ t2[s/x2] (β+2)
E[abort t] ≈ abort t (πE0 )
E[match s (x1 7→ t1) (x2 7→ t2)] ≈ match s (x1 7→ E[t1]) (x2 7→ E[t2]) (πE+)

where E[ ] ::= abort [ ] | fst [ ] | snd [ ] | match [ ] (x1 7→ t1) (x2 7→ t2).

Figure 2 Equational theory for LC

5.1 Categorical semantics428

Our development in this section will rely on familiarity of some elementary category theory.429

Detailed definitions can be found in Appendix C, alongside a description of our notation.430

Briefly, recall that a category C is cartesian when it has a final object (an object 1 with431

morphisms termA : A → 1) and products (A × B, proj1, proj1, ⟨−,−⟩) for all objects432

(A,B,C, . . . ) in C, cocartesian when it has an initial object (0, initA : 0 → A) and coproducts433

(A+B, inj1, inj2, [−,−]), and bicartesian when it is both cartesian and cocartesian.434

Given a bicartesian category B equipped with a valuation object Vι, suppose we interpret435

types and contexts of LC as usual by objects in B (JιK = Vι, J1K = 1, J0K = 0, etc.) and terms436

as morphisms in B. The calculus LC can naturally be shown to be sound and complete437

for all such bicartesian categories when its equational theory is extended with rules (πI0)438

and (πI+) mentioned previously. This is because the extended equational theory admits the439

rules (η†
0) and (η†

+), the proof of which can be given by induction on the substituted terms440

in the respective rules. In the remainder of this section, we will identify a more general class441

of categorical models of LC that do not demand (η†
0) and (η†

+).442

The key tool in our semantics will be a monad algebra. Recollect that a monad T on443

C is an endofunctor T : C → C accompanied by a family of morphisms ηA : A → TA and444

µA : T 2A → TA subject to the usual monad laws. A T -monad algebra AA = (A, ℓA) is an445

object A in C coupled with an “algebra map” morphism ℓA : TA → A in C subject to certain446

conditions, and a homomorphism h : AA ⇒ AB is a morphism h : A → B that commutes447

with the algebra maps. The main idea is that the monad T will generalise the operator ⟨◁⟩448

from earlier while T -monad algebras will generalise localised sets.449

▶ Definition 39. Let T be a monad on a category C. Let CT be the category with T -algebras450

as objects, and whose morphisms AA → AB are given by morphisms A → B in C.451

CT is not the Eilenberg–Moore category, as morphisms in CT need not be homomorphisms.452

▶ Proposition 40. There is a “free” functor J : C → CT that maps an object A in C453

to the T -monad algebra (TA, µA : T 2A → TA) and a morphism f : A → B in C to the454

morphism Tf : TA → TB in C, which is a morphism (TA, µA) → (TB, µB) in CT .455
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▶ Lemma 41 (Key lemma for Theorem 42). Given an arbitrary bicartesian category B equipped456

with a monad T , the following hold for the category BT determined by Definition 39:457

1. BT is a cartesian category.458

2. J0 is a weak initial object in BT (i.e. initAA
: J0 → AA need not be unique) s.t. for any459

homomorphism h : AA ⇒ AZ we have idJ0 = initJ0 and h ◦ initAA
= initAZ

: J0 → AZ .460

3. J(A+B) is a weak coproduct of the T -algebras AA and AB in BT s.t. for any homo-461

morphism h : AC ⇒ AD and morphisms f : AA → AC , g : AB → AC in BT , we have462

idJ(A+B) = [inj1, inj2] and h ◦[f, g] = [h ◦ f, h ◦ g] : J(A+B) → AC .463

4. Given any T -algebras AA, AB , AZ , the following morphisms in BT are homomorphisms:464

a. proj1 : AA × AB → AA and proj2 : AA × AB → AB465

b. initAA
: J0 → AA and [f, g] : J(A+B) → AZ for any f : AA → AZ , g : AB → AZ466

Given a monad T on a bicartesian category B, let us refer to the category of algebras BT467

as a categorical model of LC when it is equipped with some T -monad algebra Vι for valuation468

of ι. We can interpret types and contexts in any categorical model of LC as follows:469

Jι K = Vι
J1 K = 1
JA×BK = JAK × JBK

J0 K = J(0)
JA+BK = J(JAK + JBK)

J· K = 1
JΓ, x : AK = JΓK × JAK

470

The product of two interpetations is given by the cartesian structure of BT due to Lemma 41(1).471

While J(0) is not an initial object in BT , it forms a sufficiently weak initial object, as stated472

in Lemma 41(2), that validates the expansion rule η0 and permutation rules πE0 in Figure 2.473

Similarly, J(JAK + JBK) forms a sufficiently weak coproduct, as stated in Lemma 41(3), of474

the interpretations JAK and JBK that validates the β+1, β+2, η+ and πE+ rules in LC.475

▶ Theorem 42 (Soundness of categorical semantics). For every term Γ ⊢ t : A in LC there is476

a morphism JtK : JΓK → JAK in an arbitrary categorical model C of LC such that for any other477

term Γ ⊢ u : A, if t≈u in the equational theory of LC (given in Figure 2) then JtK ≈JuK in C.478

5.2 Denotational semantics using cover models479

While it was sufficient to interpret a formula φ as a subset JφK ⊆ W for some given cover480

system (W,◁) previously, we need a refined interpretation for types. In this subsection we481

develop cover semantics for LC by interpreting types as families of sets indexed by W . Recall482

that a family of sets X indexed by W is a collection of sets {Xw}w∈W that consists of a483

set Xw for each w ∈ W . Write F(W ) for the collection of all families of sets indexed by W484

and X
·−→ Y for the family of functions {Xw → Yw}w∈W for X,Y ∈ F(W ). We will replace485

the cover relation ◁ in a cover system with a function Cov that maps a world w and a family486

of sets X to a set Cov(w,X) known as the covering set. Observe that the function Cov487

determines a family Cov(−, X) = {Cov(w,X)}w∈W known as the covering family of X.488

▶ Definition 43. A refined cover system for LC is a tuple (W,Cov) consisting of a set W and489

a function Cov that defines a covering set Cov(w,X) for every w and X, equipped with the490

following families of functions that satisfy the subsequent coherence conditions:491

map⟨f⟩ : Cov(−, X) ·−→ Cov(−, Y ) for any f : X ·−→ Y492

idenX : X ·−→ Cov(−, X) for any X ∈ F(W )493

trans⟨f⟩ : Cov(−, X) ·−→ Cov(−, Y ) for any f : X ·−→ Cov(−, Y )494

map⟨id⟩ = id and map⟨f⟩ ◦ map⟨g⟩ = map⟨f ◦ g⟩495

map⟨f⟩ ◦ iden = iden ◦ f and map⟨f⟩ ◦ trans⟨g⟩ = trans⟨map⟨f⟩ ◦ g⟩496

trans⟨trans⟨f⟩ ◦ g⟩ = trans⟨f⟩ ◦ trans⟨g⟩ and trans⟨iden⟩ = id and trans⟨f⟩ ◦ iden = f497
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The first of the three coherence conditions says that map⟨−⟩ preserves identity (id : X ·−→498

X) and composition of families of functions, the second states iden and trans⟨−⟩ are “natural”,499

i.e. commute with map⟨−⟩, and third states that trans⟨−⟩ is associative and iden is its unit.500

▶ Definition 44. We say that X ∈ F(W ) is localised family when there exists a family of501

functions ℓX : Cov(−, X) ·−→ X such that ℓX ◦ idenX = id and ℓX ◦ map⟨ℓX⟩ = ℓX ◦ trans⟨id⟩.502

Let us write LocFam(W,Cov) for the collection of localised families determined by (W,Cov).503

▶ Proposition 45. Given a set W , families of sets indexed by W form a bicartesian category504

equipped with a monad Cov that maps a family X to its covering family Cov(−, X). Further,505

a localised family X ∈ LocFam(W,Cov) is a Cov-monad algebra with ℓX as the algebra map.506

A refined cover model for LC is a triple (W,Cov, V ) with a cover system (W,Cov) and a507

valuation V that assigns a localised family V (ι) to the base type ι. By virtue of the soundness508

of categorical semantics for LC in Theorem 42, Proposition 45 gives us that the category509

of Cov-algebras F(W )Cov is a categorical model of LC. We thus obtain an equationally510

sound interpretation of types A and contexts Γ in LC as localised families JAK, JΓK ∈511

LocFam(W,Cov) and terms Γ ⊢ t : A in LC as families of functions JtK : JΓK ·−→ JAK.512

▶ Corollary 46 (Denotational semantics for LC via cover models). Given an arbitrary cover513

model of LC, if t≈u in LC then the families of functions JtK and JuK are equivalent.514

For completeness of proof terms we can once again construct a canonical model. Define515

a family of normal forms Nf(Γ, A) = {n | Γ ⊢NF n : A}Γ∈Ctx, akin to the set of normal516

antecedents in Section 2.3, and similarly Ne(Γ, A) = {n | Γ ⊢NE n : A}Γ∈Ctx as the family of517

neutrals. Also define a canonical model MN = (Ctx,CovN ,Nf(−, ι)), where CovN is given518

for any X ∈ F(Ctx) and context Γ by the covering set CovN (Γ, X) defined inductively as:519

If we have x ∈ XΓ, then infer leaf(x) ∈ CovN (Γ, X)520

If we have x ∈ Ne(Γ, 0), then infer dead(x) ∈ CovN (Γ, X)521

If we have x ∈ Ne(Γ, A+ B), m1 ∈ CovN ({A}, X) and m2 ∈ CovN ({B}, X), then infer522

branch(x,m1,m2) ∈ CovN (Γ, X)523

The tags leaf, dead and branch are “constructors” in the sense of type theory that record the524

applied construction rule within the elements of a covering set. As before, we have:525

▶ Theorem 47 (Completeness of normal forms in LC). Given a term Γ ⊢ t : A, or a family of526

functions JΓK ·−→ JAK for all cover models of LC, we can construct a normal form Γ ⊢NF n : A.527

6 Conclusion and future work528

We have investigated cover semantics for lattice logics. Using Goldblatt’s work as a starting529

point, we used a simpler notion of cover systems and provided constructive soundness and530

completeness proofs for lattice logic as well as modal, first-order and program calculus531

extensions. This opens the door to myriad directions for future research.532

First, it would be interesting to further develop the model theory of cover semantics.533

This could include a notion of morphism between cover systems akin to [44, Definition 2.7],534

developing generated subframes and disjoint unions as in [8, Section 2.1], and developing a535

constructive categorical duality for (modal) lattices.536

A second natural direction for further research is to capture more modal lattice logics.537

There are various approaches towards extending lattice logic with modal operators, including538

extensions with independent [13] and interacting [7] 2- and 3-modalities, temporal exten-539

sions [32], and non-distributive description logics [2]. It would be interesting to see if these540

can all be studied using covers, thus using cover semantics as a universal modal framework.541
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Next, the embedding of lattice logic into classical monotone S4 from Remark 13 warrants542

further study. It can be viewed as an analogue of the Gödel-McKinsey-Tarski translation of543

intuitionistic logic into classical normal S4 [22, 42, 15], which gives rise to the famous Blok-544

Esakia theorem [9, 16, 17]. Does this theorem have an analogue in the lattice logic setting?545

Finally, it would be interesting to investigate the connection between modal and first-order546

lattice logic. A similar approach was used to obtain intuitionistic modal logics from classical547

ones [47, 30]. In the setting of lattice logic, the usual standard translation [8, Section 2.4],548

using the diamond-clause for ♡, yields a translation of M into a the first-order language549

with one binary predicate and a unary predicate for each proposition letter. What modal550

lattice logic is such that derivability of Γ ⊢ φ coincides with derivability of stx(Γ) ⊢ stx(φ)?551
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A Embedding lattice logic into classical monotone modal logic686

We provide details for Remark 13. Let C be a classical modal language with one modal687

operator #. Define the logic MS4 as the extension of classical monotone modal logic688

with the axioms p → #p and ##p → #p. Since cover systems correspond bijectively to689

neighbourhood frames satisfying counterparts of (identity) and (transitivity), we can transfer690

the usual neighbourhood semantics for monotone modal logic to models based on cover691

systems.692

Concretely, by a classical cover model we mean a tuple C = (W,◁, V ) consisting of a cover693

system (W,◁) and a valuation V that assigns to each proposition letter p a (not necessarily694

localised) subset V (p) of W . The classical connectives are interpreted as usual, and the695

modal operator is interpreted by696

w |=cl #φ iff w ◁ α ⊆ JφK for some cover α.697

We write |=cl to highlight that we are interpreting classical modal formulas in a classical way.698

In particular, disjunction is interpreted locally, i.e. w |=cl φ ∨ ψ if w |=cl φ or w |=cl ψ (or699

both). Besides, note that if the cover relation is upward closed, i.e. if w ◁ α ⊆ β implies700

w ◁ β, then the interpretation simplifies to w |=cl #φ iff w ◁ JφK.701

We can use existing results for classical monotone modal logic form [31] to establish that702

the logic MS4 is sound and complete with respect to the class of cover systems.703

▶ Theorem 48. The logic MS4 is sound and complete with respect to the class of classical704

cover models.705

Proof. Soundness follows from the tact that (identity) and (transitivity) can be used to prove706

validity the additional axioms (with respect to all valuations, not just the localised ones).707

For completeness, we use the fact that the axioms p → #p and ##p → #p are equivalent to708

dual KW-formulas [31, Definition 5.13]. Therefore [31, Theorem 10.44] entails that MS4 is709

sound and complete with respect to the class of monotone neighbourhood models validating710

p → #p and ##p → #p. Since the monotone neighbourhood frames from [31] can be viewed711

as special cases of cover systems (namely those in which w ◁ α ⊆ β implies w ◁ β), and712

on monotone neighbourhood frames (identity) and (transitivity) precisely correspond to the713

two axioms, it follows that such monotone neighbourhood frames (viewed as cover systems)714

are contained in the class of all cover systems validating MS4. This yields completeness. ◀715

▶ Lemma 49. Let C = (W,◁, V ) be a classical cover model. Define V ◁ by V ◁(p) = ⟨◁⟩(V (p))716

and let C◁ = (W,◁, V ◁). Then C◁ is a cover model for lattice logic, and for all φ ∈ L and717

Γ ∈ CtxL we have:718

C, w |=cl t(φ) iff C◁, w |= φ. (2)719

Proof. By Lemma 4(2) V ◁(p) is localised for each p ∈ Prop, hence C◁ is a cover model for720

lattice logic. We prove Equation (2) by induction on φ. The cases for φ = ⊤ and φ = ψ ∧ χ721

proceed as usual. If φ = p ∈ Prop then we have t(φ) = #p and722

C, w |=cl t(p) iff C, w |=cl #p iff w ∈ ⟨◁⟩V (p) iff w ∈ V ◁(p) iff C◁, w |= p.723
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The case for φ = ⊥ is similar. If φ = ψ ∨ χ then we have t(φ) = #(t(ψ) ∨ t(χ)) and we find724

C, w |=cl t(φ) iff C, w |=cl #(t(ψ) ∨ t(χ))725

iff w ∈ ⟨◁⟩(Jt(ψ)KC ∪ Jt(χ)KC)726

iff w ∈ ⟨◁⟩(JψKC
◁

∪ JχKC
◁

) (induction hypothesis)727

iff C◁, w |= ψ ∨ χ ◀728

▶ Theorem 50. For all φ ∈ L and Γ ∈ CtxL, we have Γ ⊢ φ iff t(Γ) ⊢MS4 t(φ).729

Proof. Suppose Γ ⊢ φ. Then Γ |= φ on the class of cover models for lattice logic. Let730

C be an arbitrary classical cover model. Then by Lemma 49 we obtain t(Γ) |=MS4 t(φ).731

This proves that t(Γ) |= t(φ) on the class of classical cover models, hence by completeness732

t(Γ) ⊢MS4 t(φ).733

For the converse, suppose t(Γ) ⊢MS4 t(φ). Then by soundness t(Γ) |=MS4 t(φ) on the734

class of classical cover models. Let M = (W,◁, V ) be an arbitrary cover model for lattice735

logic. Then it is also a classical cover model, and we have V ◁ = V . Using Lemma 49 again736

yields Γ |=M φ. Completeness of lattice logic then entails Γ ⊢ φ. ◀737

B Proofs omitted in Sections 2–4738

Proof of Lemma 10. Identity follows immediately from (◁-id). For transitivity, suppose739

Γ ◁L α and ∆ ◁L β∆ for each ∆ ∈ α. We prove by induction on the construction of α that740

Γ ◁L
⋃

∆∈α β∆. If α is constructed using (◁-id) then α = {Γ} and the statement is clear, and741

if α is constructed using (◁⊥) then α = ∅, so that trivially Γ ◁ ∅ =
⋃

∆∈α β∆. So suppose742

Γ ∈ Ant(φ ∨ ψ) and {φ} ◁L α1 and {ψ} ◁L α2. Then by induction {φ} ◁L
⋃

∆∈α1
β∆ and743

{ψ} ◁L
⋃

∆∈α2
β∆, so that (◁∨) yields Γ ◁L

( ⋃
∆∈α1

β∆
)

∪
( ⋃

∆∈α2
β∆

)
=

⋃
∆∈α β∆.744

To see that Ant(φ) ∈ Loc(CtxL,◁L), suppose Γ ◁L α ⊆ Ant(φ). We show by induction on745

a proof of Γ ◁L α that Γ ∈ Ant(φ). If Γ ◁L α is obtained from (◁-id) then the assumption746

gives Γ ∈ Ant(φ), and if it is obtained via (◁⊥) then Γ proves everything, including φ.747

Finally, suppose Γ ∈ Ant(ψ ∨ χ), {ψ} ◁L α1, {χ} ◁L α2 and α = α1 ∪ α2. Then by the748

induction hypothesis we have {ψ} ∈ Ant(φ) and {χ} ∈ Ant(φ), so ψ ⊢ φ and χ ⊢ φ. It then749

follows from (∨-el) that Γ ⊢ φ, i.e. Γ ∈ Ant(φ), as desired. ◀750

Proof of Theorem 34. Fix an arbitrary first-order cover model M. We use induction on751

the length of a derivation for Γ ⊢F φ to show that JΓKρ ⊆ JφKρ for all assignments ρ. If the752

last rule is one of those from Definition 1, then we proceed as in Proposition 8.753

Suppose last rule in the derivation is (∀-in). Then by assumption JΓKρ ⊆ JφKρ for every754

assignment ρ. Since x is not free in Γ, we have JΓKρ ⊆ JφKρ[x:=u] for all u ∈ U . This755

implies JΓK ⊆
⋂
u∈U JφKρ[x:=u] = J∀xφKρ. If the last rule is (∀-el), then by assumption756

JΓKρ ⊆ J∀xφKρ =
⋂
u∈U JφKρ[x:=u], hence JΓKρ ⊆ JφKρ[x:=u] = Jφ(t/x)Kρ, for any ρ.757

Now suppose last rule in the derivation is (∃-in). Since Jφ(t/x)Kρ ⊆
⋃
u∈U JφKρ[x:=u] =758

J∃xφKρ for any assignment ρ, it follows that JΓKρ ⊆ Jφ(t/x)Kρ implies JΓKρ ⊆ J∃xφKρ. Finally,759

suppose the last rule is (∃-el). Then by assumption JΓKρ ⊆ J∃xφKρ and JφKρ ⊆ JψKρ for760

every assignment ρ. Since x does not occur free in ψ, we have JφKρ[x:=u] ⊆ JψKρ[x:=u] = JψKρ761

for any assignment ρ, hence762

J∃xφKρ = ⟨◁⟩
( ⋃
u∈U

JφKρ[x:=u]
)

⊆ ⟨◁⟩
(
JψKρ

)
= JψKρ,763

as desired. ◀764
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Proof of Lemma 36. We need to verify that (CtxF,◁F ) is a cover frame and that IF (P )(t1, . . . , tn)765

is a localised subset of (CtxF,◁F ) for every n-ary predicate P and terms t1, . . . , tn.766

(CtxF,◁F ) is a cover frame. Reflexivity of ◁F follows immediately from the definition of ◁F .767

For transitivity, suppose Γ ◁F α and ∆ ◁F β∆ for each ∆ ∈ α. We prove by induction on768

the construction of α that Γ ◁F
⋃

∆∈α α∆. The cases for (◁-id), (◁⊥) and (◁∨) proceed as769

in Lemma 10. For the additional case of (◁∃), suppose Γ ∈ Ant(∃xφ) and {φ(c/x)} ◁F αc for770

all c ∈ UF and α =
⋃
c∈UF

αc. Then by assumption {φ(c/x)} ◁F
⋃

∆∈αc
β∆, so (◁∃) gives771

Γ ◁F
⋃
c∈UF

( ⋃
∆∈αc

β∆

)
=

⋃
∆∈α

β∆,772

as desired.773

IF (P )(t1, . . . , tn) is localised. Suppose Γ ◁ α ⊆ Ant(P (t1, . . . , tn)). We use induction on the774

construction of α to show that Γ ∈ Ant(P (t1, . . . , tn)). If α is constructed using (◁-id) or775

(◁⊥) then this is obvious. If α is constructed using (◁∨) then there exists φ,ψ ∈ F and776

α1, α2 ⊆ CtxF such that Γ ∈ Ant(φ ∨ ψ) and {φ} ◁F α1 and {ψ} ◁F α2 and α = α1 ∪ α2.777

Then by induction ψ ∈ Ant(P (t1, . . . , tn)) and ψ ∈ Ant(P (t1, . . . , tn)), so that (∨-el) entails778

Γ ∈ Ant(P (t1, . . . , tn)).779

Finally, suppose α is constructed using (◁∃). Then there exists a formula φ and sets780

βc ⊆ CtxF such that Γ ∈ Ant(∃xφ) and {φ(c/x)} ◁F βc for each c ∈ UF and α =
⋃
c∈UF

βc.781

This implies φ(c/x) ∈ Ant(P (t1, . . . , tn)) for all c ∈ UF . Pick a variable y that does not782

appear in φ and is not equal to any of the ti. Then we have φ(y/x) ⊢ P (t1, . . . , tn), hence783

by (∀-in) we find φ(y/x) ⊢ ∀xP (t1, . . . , tn). Since x is not free in ∀xP (t1, . . . , tn), we784

can use (∃-el) to deduce Γ ⊢ ∀xP (t1, . . . , tn), hence by (∀-in) we get Γ ⊢ P (t1, . . . , tn),785

i.e. Γ ∈ Ant(P (t1, . . . , tn)), as desired. ◀786

C Categorical preliminaries and some proofs omitted in Section 5787

Given a category C, an object 1 is a final object in C when it is accompanied by a family788

of unique morphisms termA : A → 1, for objects A in C. Uniqueness means for any789

morphism h : A → 1 in C, h = termA. An object 0 is an initial object in C when it is790

accompanied by a family of unique morphisms initA : 0 → A. A weak initial object is an791

object 0 accompanied by a family of morphisms initA : 0 → A that need not be unique.792

A product of two objects A and B in a category C is an object A × B accompanied793

by “projection” morphisms proj1 : A × B → A and proj2 : A × B → B, and a “pairing”794

morphism ⟨f, g⟩ : Z → A×B for any object Z with morphisms f : Z → A and g : Z → B795

in C. These morphisms are subject to the conditions that:796

proj1 ◦⟨f, g⟩ = f and proj2 ◦⟨f, g⟩ = g797

for any h : Z → A×B, if proj1 ◦h = f and proj2 ◦h = g then h = ⟨f, g⟩.798

Dually, a coproduct of two objects A and B is an object A+B accompanied by “injection”799

morphisms inj1 : A → A + B and inj2 : B → A + B, and a “copairing” morphism [f, g] :800

A+B → Z for any morphisms f : A → Z and g : B → Z, subject to the conditions that:801

[f, g] ◦ inj1 = f and [f, g] ◦ inj2 = g802

for any h : A+B → C, if h ◦ inj1 = f and h ◦ inj2 = g, then h = [f, g]803

A weak coproduct of A and B is an object A+B defined alike by omitting the last condition.804

A monad T on C is an endofunctor T : C → C with a family of morphisms ηA : A → TA805

and µA : T 2A → TA such that µ is an “associative operation” in the sense that we806

have µA ◦µTA = µA ◦TµA : T 3A → TA for any object A in C, and η is the “unit” of µ807



22 Cover semantics beyond distributivity

in the sense that µA ◦TηA = idTA and µA ◦ ηTA = idTA. Observe that we write T 2A for808

consecutive applications of T as TTA and similarly for T 3A. Additionally, η and µ must be809

“natural” in the sense that for any f : A → B in C, Tf ◦ ηA = ηB ◦ f and Tf ◦µA = µB ◦T 2f .810

A monad algebra AA = (A, ℓA) for a monad T on C, known as a T -algebra, is an811

object A coupled with an “algebra map” morphism ℓA : TA → A in C such that ℓA ◦ ηA =812

idA and ℓA ◦TℓA = ℓA ◦µA. A homomorphism h of T -algebras (A, ℓA) and (B, ℓB) is a813

morphism h : A → B that commutes with the algebra maps as h ◦ ℓA = ℓB ◦Th.814

Proof of Proposition 40. The morphism µA is an algebra map for the object TA when it815

satisfies the equations µA ◦ ηTA = idTA and µA ◦TµA = µA ◦µTA. The former is an instance816

of the second unit law of the monad T and the latter is instance of the associativity law of T .817

The functor laws of J similarly follow readily from those of the functor T . ◀818

Proof of Lemma 41. It is given that B is a bicartesian category and T is a monad.819

1. We define the cartesian structure of BT using the cartesian structure of B. The820

terminal algebra is given by (1, term1 : T (1) → 1) and the product of two algeb-821

ras AA = (A, ℓA) and AB = (B, ℓB) is given by AA × AB = (A × B, ℓA×B) where822

ℓA×B = ⟨ℓA ◦Tproj1, ℓB ◦Tproj2⟩. We can show that AA×AB is an algebra by leveraging823

the structure of the underlying algebras AA and AB, while employing the properties of824

products in B and the accompanying monad T where needed. For example, we show the825

condition ℓA×B ◦ ηA×B = idA×B on the algebra map ℓA×B as follows:826

ℓA×B ◦ ηA×B827

= ⟨ℓA ◦Tproj1, ℓB ◦Tproj2⟩ ◦ ηA×B828

= ⟨ℓA ◦Tproj1 ◦ ηA×B , ℓB ◦Tproj2 ◦ ηA×B⟩829

= ⟨ℓA ◦ ηA ◦ proj1, ℓB ◦ ηB ◦ proj2⟩830

= ⟨idA ◦ proj1, idB ◦ proj2⟩831

= ⟨proj1, proj2⟩832

= idA×B833

In a similar routine fashion, we can also show ℓA×B ◦TℓA×B = ℓA×B ◦µA×B .834

2. J0 = (T0, µ0) is a weak initial object since we can define a morphism initAZ
: J0 → AZ835

for any algebra AZ as initAZ
= ℓZ ◦T initZ . Moreover, J0 satisfies idJ0 = initJ0 as follows:836

idJ0837

= idT0838

= µ0 ◦Tη0839

= µ0 ◦T initT0840

= ℓT0 ◦T initT0841

= initJ0842
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Similarly, for any homomorphism h : AA ⇒ AZ we have h ◦ initAA
= initAZ

: J0 → AZ as:843

h ◦ initAA
844

= h ◦ ℓA ◦T initA845

= ℓZ ◦Th ◦T initA846

= ℓZ ◦T (h ◦ initA)847

= ℓZ ◦T initZ848

= initAZ
849

Effectively, we leverage the fact that h is a homomorphism to “commute” arrows until it can850

be composed as h ◦ initA : 0 → Z, which must be equivalent to the unique initZ : 0 → Z.851

3. J(A+B) = (T (A+B), µA+B) can be shown to be a weak coproduct object since we852

can define morphisms inj1′ : A → T (A+B) as inj1′ = T inj1 ◦ ηA, inj2′ : B → T (A+B)853

as inj2′ = T inj2 ◦ ηB, and [f, g]′ : T (A+B) → C as [f, g]′ = ℓC ◦T [f, g]. As before with854

J0, we can show idJ(A+B) = [inj1′, inj2′]′ by leveraging the uniqueness of [−,−] in B and855

monad laws of T , and h ◦[f, g]′ = [h ◦ f, h ◦ g]′ by also leveraging ability to commute h.856

4. The projection morphisms proj1 and proj2 in BT can be shown to be homomorphisms857

by readily leveraging the algebra structure of products in BT . The morphism [f, g]′ :858

J(A+B) → AC is a homomorphism for any f : AA → AC , g : AB → AC since:859

[f, g]′ ◦ ℓT (A+B)860

= [f, g]′ ◦µA+B861

= ℓC ◦T [f, g] ◦µA+B862

= ℓC ◦µC ◦T 2[f, g]863

= ℓC ◦TℓC ◦T 2[f, g]864

= ℓC ◦T (ℓC ◦T [f, g])865

= ℓC ◦T ([f, g]′)866

Similarly the morphism initAA
: J0 → AA is too a homomorphism:867

initAA
◦ ℓT0868

= initAA
◦µ0869

= ℓA ◦T initA ◦µ0870

= ℓA ◦µA ◦T 2initA871

= ℓA ◦TℓA ◦T 2initA872

= ℓA ◦T (ℓA ◦T initA)873

= ℓA ◦T initAA
874

◀875
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