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—— Abstract

Cover semantics is an approach to modelling non-classical logics, pioneered by Goldblatt, that can
be understood as a generalisation of Beth-Kripke-Joyal semantics for intuitionistic propositional
logic. The versatility of cover semantics has been demonstrated in recent results that show how cover
semantics can be used to constructively prove meta-logical results such as completeness, consistency
and normalisation for a variety of logics with an intuitionistic base. In this work, we take a step
backwards and show that this versatility runs deeper than previously shown. We show that cover
semantics can as well be used for logics that forego the intuitionistically characteristic distribution
of conjunction over disjunction. We begin with cover semantics for a non-distributive positive logic,
i.e. without implication or negation, known as lattice logic and show how it can be extended to
model complex systems with a lattice base including a positive modal logic, first-order lattice logic,
and a typed program calculus with commuting conversions that corresponds to lattice logic.
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1 Introduction

Cover systems provide an alternative approach for modelling the truth of logical formulas,
compared to the widely used truth-functional approach of classical propositional logic and
the relational approach of Kripke’s semantics for intuitionistic and modal logics [37, 38]. The
origins of cover semantics can be traced to the topological notion of local truth, where a
logical formula is locally true at a world w when w has a cover, e.g. an open neighbourhood,
in which the formula is true. This leads to a “non-local” interpretation for disjunctions:

wE eV iff there exists a cover of w in which every element satisfies ¢ or .

The key idea underlying cover semantics is to let go of the rigid structural assumption that
covers must be open neighbourhoods in some topological space, and instead define them, for
a given set W of worlds, simply as a collection of subsets of W for each world w € W.

The use of cover systems dates back to Joyal [36], and the so-called Kripke-Joyal semantics
for intuitionistic logic in topoi [40]. It was later popularised by Goldblatt, who initially used
it to model a first-order logic characterised by quantales [23] using an interpretation for
disjunctions reminiscent of Beth’s semantics [5]. Cover semantics has since been shown to
be a remarkably versatile approach for modelling a variety of non-classical logics including
intuitionistic modal logics [24, 46, 50], relevance logic [25], and substructural logics [28, 26].

A central theme in Goldblatt’s work on cover semantics is to give representations for
the algebraic models of non-classical logics. The starting point is a cover system (W, <, <),
where W is a set of worlds, < a preorder on W, and <« C W x P(W) a cover relation on W.
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Cover semantics beyond distributivity

A subset A C W is called an upset when w € A and w < v imply v € A, and localised when
w <1 a C A implies w € A. Under suitable conditions, Goldblatt shows that the collection of
localised upsets of a cover system represent algebras such as locales and Heyting algebras.

Despite its mathematical elegance, Goldblatt’s top-down representation-led approach to
cover semantics is not always amenable to standard techniques used to constructively analyse
a logic and its proof system. For example, Goldblatt’s cover semantics for quantified lax logic
does not support the construction of a Henkin-style model without prime filters [24, Section 8]
even though it is shown sound and complete via a representation theorem. This is unfortunate,
because cover semantics is exceptionally well suited for constructive proofs. Recent work
by Valliappan [50] provides cover semantics amenable to constructive completeness proofs
for propositional intuitionistic logic as well as several modal extensions, but their work is
limited to distributive logics. Remedying this limitation is the starting point of our work.

In this paper we revisit cover semantics for (not necessarily distributive) lattices, which
models the logic known as lattice logic [45], non-distributive positive logic [11, 13], finite sum-
product logic [12] and weak positive logic [7]. This logic originates from Dalla Chiara [11], in
the context of quantum logics. Subsequently, non-distributive logics have been studied
extensively, from the perspective of proof theory [11, 45, 12], semantics [49, 45, 19, 13, 29],
and duality theory [49, 35, 34, 7, 6]. Besides quantum logic, non-distributivity is also a
common phenomenon in theoretical computer science [21, 43] and linguistics [39, 51].

Our work on lattice logic improves upon Goldblatt’s representation of lattices [27] in
two prominent ways. First, we minimise the definition of a cover system for lattice logic by
stripping the preorder. This liberates the construction of models from routine overhead, and
allows us to unveil an embedding of lattice logic into a suitable classical monotone modal logic,
which is simpler than existing translations that use two-sorted semantics [33, 14]. Second,
we leverage the convenience of our reformulation for constructively proving completeness
and normalisation. After setting up this propositional basis, we extend our development in
three different directions to illustrate the power of cover semantics to surpass existing results.
We prove completeness constructively for three important extensions, namely with modal
operators, quantifiers and predicates, and proof terms accompanied by an equational theory.

1. Modal lattice logic. In Section 3, we show that cover semantics for lattice logic can
be extended to accommodate modal operators. We begin by adding a monotone modal
operator O to lattice logic and interpret the resulting logic using a second cover relation <.
A unique outcome of this study is a constructive proof of completeness for a positive modal
logic. We then show how additional modal axioms can be handled in the semantics.

2. First-order lattice logic. Next, in Section 4, we enrich lattice logic with constants,
predicates and quantifiers and show how cover systems adapt to this extension. By adapting
Goldblatt’s original proof of completeness for first-order intuitionistic logic [24] to the setting
of lattice logic, we show that cover systems can also constructively model first-order logics
without the distributivity of conjunction over disjunction.

3. Program calculus. Finally, in Section 5, we define and analyse a typed program
calculus LC based on lattice logic, and present a proof-relevant refinement of cover semantics
that models its equational theory. We identify a categorical semantics for LC that validates
commuting conversions and show that the refined cover semantics of LC is an instance of it.
Cover models notably allow us to conduct an independent and isolated analysis of commuting
conversions for sum types in the absence of functions (which force distributivity), untangling
a notoriously difficult combination in the study of typed lambda calculi [1, 18, 41].
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2 Lattice logic

Lattice logic is a “positive” sublogic of intuitionistic logic, i.e. a logic that omits implication
and negation. Formally, we define the language L and contexts Ctxy, by:

pu=peProp| T|LlpAg|pVe Fa=-|T,p

As usual, T denotes truth, 1 denotes falsity, A denotes conjunction and V denotes disjunction.
The connectives A and V have equal operator precedence and associate to the right. Note
that a context I' is simply a finite list of formulas, with - denoting the empty list.

» Definition 1. A sequent-style natural deduction proof system for lattice logic £ can be
given using the following inference rules. A judgment ' I ¢ asserts that formula ¢ has a
proof under the assumption that all formulas in context I' have a proof. We sometimes
write I' k2 ¢ to emphasise that it is a judgment in the proof system of lattice logic.

pel L1
TT o (HYP) e (T-IV) TF o, (L-EL)
oAy oAy 'y THYy
Tre (A-ELp) Tro (A-ELg) Tr oA (A-IN)
'k 't T'FpeVYy obFx YEx
TF oV (V-INy) Trove (V-IN2) T x (V-EL)

For A € Cixg, we write I' F A to denote that I' - ¢, for all ¢; € A.

The inference rules consist of introduction (-IN) and elimination (-EL) rules. The absence of
context in some of the premises of the (V-EL) rule prevents the rule from proving distributivity.

» Lemma 2 (Cut admissibility). IfT'F A and AF ¢ then T'F .

Proof. By induction on the derivation of the judgment A F . |

2.1 Cover models for lattice logic

The cover systems used in this paper arise from those in [27, Section 2] by leaving out the
preorder and the refinement condition.

» Definition 3. A cover system for lattice logic is a tuple (W, <1) consisting of a set W of
“worlds” and a cover relation << C W x P(W) that satisfies the following conditions:

w < {w} (identity)
if w<aand v <a, forall v € a, then w < U o (transitivity)
vEQ

For a set « C W and world w € W, we say a covers w, or w is covered by o, when w < a.
We say that a set A is localised if it contains all worlds that are covered by some subset of A,
and write Loc(W, <) for the collection of localised subsets of (W, ).

A cover « of a world w may be understood as a “locality” of knowledge states capturing
knowledge local to w. A localised subset can then be thought of as a set closed under local
knowledge. Closing a subset under locality yields the locality operator (<) on P(W), given by
(DA :={weW |w < aC A for some a}. Aset A C W islocalised if (<) A C A. Moreover,
(<) is monotonic (i.e. A C B implies (<)A C (<) B), and (identity) and (transitivity) entail
that it is inflationary (i.e. A C (<) A) and idempotent (i.e. (<){<)A = (<1)A). We have:
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» Lemma 4. Let (W, <) be a cover system.

1. The operator (<) is monotonic, inflationary and idempotent, hence a closure operator.
2. For any A CW, the set (<)A is localised.

3. The intersection of an arbitrary collection of localised subsets of (W, <) is localised.

» Definition 5. A cover model for lattice logic is a triple 0 = (W, <1, V') consisting of a cover
system (W, <1) and a valuation V : Prop — Loc(W, <) of propositional atoms as localised
upsets of (W, <1). The truth of formulas at a world w is defined recursively as follows:

Mw=p iff weV(p)

MwpET always

Mw = L iff w<0

MwpEeAy il MwEpand Mw =1y

M w =@V iff there exists a C W such that w < a C [p]™ U [¢]™

Here [¢]™ := {w € W | MM, w |= ¢} denotes the truth set of p. We extend this to contexts
via [[]™ = ﬂwer[[w]]fm, and drop the superscript 9t when it is clear from context. We write
I E™ ¢ when [I]™ C [¢]™, and T £ ¢ when I' =™ ¢ for all cover models 9t.

» Example 6. Consider the cover model (W, <1, V) with W = {w, v, u}
and with < given by w < {v,u} and z < {«} for all x € W. Define @
V(p) ={w}, V(¢) = {v} and V(r) = {u}. Then w EpA (¢ Vr) but N

wlE (pAq)V(pAr), so the model invalidates distributivity.

A straightforward induction on the structure of ¢ proves the following analogue of the
persistence or heredity property from intuitionistic logic.

» Lemma 7. For any cover model M and formula o € L the set [¢]™ is localised.
» Proposition 8 (Soundness). For allT € Ctxy, and p € L, T'F ¢ implies T = ¢.

Proof. By induction on the derivation of the judgment I' -z A, we show [[']™ C [¢]™ for
an arbitrary model 9. The interesting cases are that of (L-EL) and (V-EL). For (L-EL), the
induction hypothesis gives us [I'] C [L]. Since [L] = (<) C (<)[¢] by Lemma 4(1), we can
conclude I' C [[¢] as desired, by invoking Lemma 7 for formula ¢ which gives us (<)[¢] C [¢].
A similar argument applies for (V-EL) by applying Lemma 7 on the concluding formula y. <

2.2 Completeness

We prove completeness of £ with respect to cover semantics by constructing a canonical
model M, in which entailment (I' =™¢ ) coincides with derivability (I -, ).

» Definition 9. For ¢ € L, we denote by Ant(p) := {T" € Ctx | ' k. o} the set of antecedents

of a formula ¢. Define the relation <1z C Ctx x P(Ctx) inductively by:

I € Ant(L)
<, 0

T eAnt(pVe) {p}<car {¥} <z as
'y a1 Uas

(<-ID) (<L) (<v)

<. {T}

Observe that this relation is “proof-relevant” in the sense that a relationship I' <1, « is
witnessed by a derivation tree constructed using the above inference rules.

» Lemma 10. (Ctxy, <z) is a cover system, and Ant(yp) € Loc(Ctxy, <¢) for all ¢ € L.
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Define the canonical valuation Vg for (Ctxr,<lz) by Vz(p) = Ant(p). Then M, =
(Ctxy, <z, Vr) is a cover model. We can now prove that the set of antecedents of any ¢ € L
is identical to its truth set in My, i.e. Ant(p) = [p]™<. In other words:

» Lemma 11 (Truth lemma). For any ¢ € L and I' € Ctxy,, we have I' - ¢ iff M, T = .

Proof. We use induction on the structure of ¢. The cases for ¢ = T and ¢ = p € Prop hold
by definition, and that for ¢ =1 A x is routine. If p = | and ', | then ' <1z @ C [ L],
so M., T = L. Conversely, if M., T’ = L then I' € (<12)0, hence by monotonicity of (<)
and localisation of Ant(L), we have T € (<1z)(Ant(L)) C Ant(L). This implies I" - L.
Lastly, if ¢ = ¢V and I" -z ¢V x then (<-1D) and induction entail {¢} <1z {{¥}} C [¢¥],
and {x} <z {{x}} € [x]. Therefore (<V) gives ' <z {{¢'}, {x}} C [¥]U[x], so by definition
M., ' =1V x. For the converse, assume My, ' = ¢ V x. Then by definition, induction,
monotonicity of (<1z) and the fact that Ant(¢V x) is localised, we find I € (<12)([¢]U[x]) =
(<) (Ant(y) U Ant(x)) C (<) (Ant(p V x)) CAnt(¢p V x). SoT F ¢V x. <

» Theorem 12. For any I' € Ctxy, and ¢ € L, we have T’ =2 ¢ if and only if T 1 .

Proof. The direction from right to left is soundness. For the converse, note that for each
¢ € T', combining (HYP) and Lemma 11 gives Mz, I' = 1p. Therefore I' € ,,cp[¢], so that
the assumption I' =1 ¢ entails T € [¢], i.e. M, T = @, hence T' 2 ¢ by Lemma 11. <

» Remark 13. Cover systems can be viewed as neighbourhood frames. As such, they provide
semantics for classical monotone modal logic [10, 31, 44], with a modality O interpreted by
w = Op iff w < a C [¢] for some cover a. It can be shown that the extension of classical
monotone modal logic with the S4-axioms p — Op and OOp — Op is sound and complete
with respect to the class of cover systems. Let us call this logic MS4. We can translate L
into the classical modal language via

tp) :=0p, tT):=T, t(L):=0L, teA)):=te)At(¥), teVey):=O(t(e)Vt(y))

and extend this to contexts as expected. It can then be shown that for all ¢ € L and
I’ € Ctxy, we have T' F ¢ if and only if ¢(T") Fas4 t(¢) (see Appendix A). In other words,
lattice logic can be embedded into the classical monotone modal logic MS4.

2.3 Normalisation by Evaluation

In this subsection, we construct a different kind of canonical model to show that every
judgement derivable in lattice logic has a derivation in normal form. Our model construction
closely follows the semantics-based normalisation technique known as Normalisation by
Evaluation (NbE) [4, 3]. The normal forms defined below serve the same purpose as a
“cut-free” proof in sequent calculus and ensure that there are no unnecessary inference rules.

» Definition 14. A judgement I' Fy; ¢ characterises derivations in normal form, while I" ki ¢
characterises derivations in neutral form. The judgement I' -y ¢ ensures that the formula ¢
is a subformula of some formula in I'; while the judgement I' -y ¢ ensures that its derivation
respects the subformula property, which means that at every inference step of its derivation
the formulas in the premises are subformulas of some formula in the conclusion.
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pel I'Fxep

HYP A-EL A-EL PRrROP-EMB

FFNESD ( ) FFNEQO ( 1) FFNEII;[} ( 2) FFNFp ( )
I'yg L Fhwre Thyet Dhyr

T-IN 1-E NA-IN) ——  (V-IN

e R TS G Trapry O Froovg (VN
I'xe e VY pbaex Yhaex

———— (V-IN V-EL
Trwpvy (N2 T e X (v-5L)

For a formula ¢ € L, let us write Ne(p) := {I' € Ctx | I'Fyp ¢} for the set of neutral
antecedents of ¢ and Nf(y) := {I" € Ctx | I'Fyp ¢} for the set of normal antecedents of .

Recall that the essential character of the canonical model 9T, used to prove completeness
for lattice logic was its ability to equate entailment in the model 2, with the derivability
of the corresponding judgment. In contrast, we now desire a canonical model My in
which entailment in 9Tz implies derivability of the corresponding judgment in normal form,
i.e. T =" o implies Ty . We will achieve this by proving a refinement of the truth lemma
characteristic of NbE algorithms known as reification, which states that [p]™ C Nf(¢p),
and reflection, which states that Ne(p) C [¢] ™.

Define a canonical relation <ixr C Ctx x P(Ctx) akin to the canonical relation <1 from
earlier by replacing all occurrences of Ant in the premises of the rules with Ne as follows:

FeNe(pVy) {o} <y ar {¥}<cas
I'<ay g Uas

I' € Ne(L)

(<-1D) Ty 0

(<b)

I <y {I'} (<v)

As before we can show that <y is a cover relation by repeating the induction on its
construction. In light of this cover relation, we can further show that the set Nf(y) is a
localised set of the cover system (Ctx, <|pr) for any formula ¢ € L. This means we can define
the canonical valuation by Viy(p) = Nf(p), equating the truth of an atom with its normal
antecedents. Let us now define a canonical NbE model My, = (Ctxr, <pr, Vir).

» Lemma 15 (Reify-Reflect lemma). For any ¢ € L, [¢]™V C Nf(p) and Ne(p) C [¢]™V.

Proof. By repeating the induction from Lemma 11 on the structure of ¢. |

» Theorem 16 (Completeness of normal forms for lattice logic). T' k. ¢ if and only if T Fyr .

Proof. From left to right, note that for all ¢ € I" we have I' € Ne(y) by the (HYP) rule,
which means I' € ﬂwer[[z/)]]mﬁf = [[]™~, in light of Lemma 15. By soundness of lattice logic
in Proposition 8 for the assumption I' -z ¢ we also have I' € [o]™, which when combined
with Lemma 15 once again gives us I' € Nf(y) and thus Iy, ¢ as desired. The converse
direction follows readily by induction on the derivation of the judgement I' -y . |

2.4 Digression: weak cover systems

What happens if we drop (identity) from our cover systems? Let us call the resulting cover
systems and models weak cover systems and models. We use the same definition of localised
subsets and the interpretation from Definition 5, and prove persistence as in Lemma 7. Then
it turns out that this seemingly minor semantic modification has a large impact on the logic.
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» Example 17. Consider the cover system (W, <) with W = {w, v}

and w < {v} and v < {v}. Then the localised subsets are (}, {w} and @
W. The set {v} is not localised, because w <1 {v} C {v} and w ¢ {v}. y 7
Evaluate proposition letters p and q as V(p) = {w} and V(q) = 0. w
Then we have w = p while w [~ p V ¢, invalidating (V-INy).

@ » Example 18. Let W = {w,v,u, s,t} and define < by w < {v,u}

7 and u < {s,t}. This trivially satisfies (transitivity) because each cover

@ contains a world that does not have any cover. With V(p) = {v},

— V(q) = {s} and V(r) = {t}, it can be shown that w = pV (¢ V r) but
‘w w = (pV q) Vr, invalidating associativity of V.

We can obtain a proof system corresponding to this semantics by weakening the disjunction
rules from Definition 1 as follows.

» Definition 19. Let WL, for weak lattice logic, be the logic given by the rules (HYP), (T-IN),
(L-EL), (A-EL1), (A-EL2) and (A-IN) from Definition 1, together with:

F'Fevy okFEx YEE 'FeVve

TEyVeE (V-MON) Tro (V-1D)
'V 'ty ve
TFove (V-WK) TFove (V-comM)

We write I' Fyy 2 @ if the judgement I' F ¢ can be derived in WL.

We cannot have contexts in two of the premises of (V-MON) as this would introduce
distributivity. Also note that we can combine (V-MON) and (V-1D) to obtain (V-EL). However,
in absence of (V-IN7) and (V-IN2) we cannot derive (V-MON) from (V-EL).

Write I' |y @ if I E™ o for all weak cover models 9. A routine induction on the
structure of a proof of ' ks ¢ then yields soundness, i.e. ' Fyye ¢ implies T' =y, .
Completeness follows from a modification of the canonical model construction from Section 2.2.

» Definition 20. Define the covering relation <yy, C Ctxy, X P(Ctxr,) inductively by (<1-ID)
and (<1V) from Definition 9, together with

I' € Ant(e V )
< {{e} {v}}

As before, let Viy£(p) = Ant(p) and define the canonical model as My = (Ctxr, <we, Vive)-

(<SweV)

This canonical model allows us to prove analogues of Lemmas 10 and 11, so that:

» Theorem 21. For any T' € Ctxy, and ¢ € L, we have T =y ¢ if and only if T By .

3 Modal lattice logic

We extend lattice logic with a modal operator Q. The resulting logic is a minimal modal logic
that algebraically corresponds to a lattice accompanied by a unary monotone operator Q.
Formally, we define the language M and collection of contexts Ctxyg via:

pu=peProp | T|LpAp[eVe|[Dp Loa=-|T, .
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» Definition 22. Define the proof system M for modal lattice logic as the extension of the
inference rules in Definition 1 for lattice logic with the following “monotonicity” rule:

T'EFQp pkHEY
'Oy

(©-MmON)
We write I' Faq ¢ to emphasise that sequent I' - ¢ is derivable in this system.

3.1 Modal cover models

Let us now show how to model modal lattice logic using cover semantics. We inerpret the
modal operator © by extending cover models with an additional cover relation «.

» Definition 23. A modal cover system is a tuple (W, <, «) that consists of a cover sys-
tem (W, <) and a modal cover relation 4« C W x P(W) such that:

if w<aand v €a, for all v € a, then w « U Qy (< <-transitivity)

vEa

A modal cover model M = (W, <1, 4, V') consists of a modal cover sysetm (W, <, <) and a
valuation V' : Prop — Loc(W, <1). The interpretation of M-formulas in a modal cover model
M is given by extending the clauses from Definition 5 with

M,w = Qp iff there exists 5 such that w € 5 C [¢].

The relationship w <« a may be intuitively understood as asserting that set « is a
collection of possible futures or refinement of knowledge that is currently known at world w.
The condition (<1<-transitivity) states that refinements «, of members v in a locality «
of a world w are collectively a refinement of w. Formally this condition ensures that the
interpretation of every formula is a localised subset of (W, <). In light of this condition, a
routine extension of the proof of Proposition 8 yields soundness for the proof system M.

» Proposition 24. If T ¢ then T E™ ¢ for every modal cover model IN.
For completeness, we extend the construction from Definition 9.

» Definition 25. Define the cover relation < via the clauses (<-ID), (<L) and (<1V) from
Definition 9, and generate a modal cover relation 4y C Ctxpg X P(Ctxpp) via:

[ eAnt(pVY) {p} qmar {P} 4maz
I' 4y a0y Uag

I € Ant(Qgp)
I' @ {{¢}}

Define Vi (p) = Ant(p) and let Maq = (Ctxpa, <at, 4t Var)-

T € Ant(L)
ey

(<) («l)

(av)

» Lemma 26. The tuple My = (Ctxp, <m, 4at, V) @s a modal cover model.

Proof. It can be shown as in Lemma 10 that <, satisfies (identity) and (transitivity) and
that Va(p) € Loc(Ctxp, <ipq) for each p. For (<«-transitivity), suppose I' <pq o and
A 4 Ba for all A € a. We prove by induction on the construction of I' <l « that
I' €m Unca Ba- If it is constructed using (<I-1D) then we have I' € (Jac, Ba by definition,
and if it is constructed using (<L) then (Joc, fa = 0 and we can use («L). Lastly, if the
last rule in the construction of I' < a is (<1V), then the desired cover follows from the
induction hypothesis and («V). <

» Lemma 27 (Truth lemma). For allT' € Ctxp and ¢ € M, we have Ma, T = @ iff T F g .
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Proof. We extend the proof of Lemma 11 with one more case, accounting for formulas of the
shape p = Q. If T' F o Ot then by («4Q) we have I' @ {{¢}} C [¢], so M, T = Q. For
the converse, suppose Mg, I = O1p. Then there exists a cover « such that I' €, o C [¢].
We use induction on the construction of I' €4 a to show that I' Fq Q.

Case 1. If ' € « is obtained using (49) then there exists x such that T' Fy QOx and
{x} = a. The assumption « C [¢/] entails {x} € [¢], i.e. M, {x} = ¥, so by the induction
hypothesis x F . This allows us to use (O-MON) to obtain I" - Ot as desired.

Case 2. If T € « is obtained using («_L), then I' - 1, so (L-EL) gives I' - Q4.

Case 3. Finally, if ' € « is obtained using («V), then there exist formulas x, £ and covers
aq, ag such that {x} 4 a1 and {€} € @z and @ = a3 Uae. Then ay C [¢] and ay C [¢],
so by induction we get x Faq Q¢ and € Faq Q. Using (V-EL) then gives T' b Q1. <

» Theorem 28. For any T' € Ctxpg and p € M, we have T = ¢ if and only if T Faq .

3.2 Further extensions

The strength of a semantics for a minimal modal logic lies in its ability to accommodate
extensions of the logic with additional modal axioms or inference rules. The following table
shows how we can accommodate in cover semantics some common modal axioms and rules
considered in the modal logic literature. To model a logic with a property on the left, we
impose the corresponding condition on the right on a cover system for the logic.

Logical axiom or rule Sufficient frame condition

Tr+=oL)/(TFL) w <« ) implies w < )

(Fe)/(TFQp) every world has a modal cover

T HFQeAQOY thenT'F Q(pAy) if w4 and w < S then w €4y C an g for some
IfTFethenT'F Qp w <« {w} for all worlds

IfTFOQp then I' - Qp <<-transitivity

Observe that the canonical model 91, already has the potential to validate the rule that
infers ' = L from I' F QL due to the below lemma. Canonical models for other extensions
can be constructed by defining suitable cover relations, akin to [50].

» Lemma 29. In presence of (' QL)/(T'F L), we have that T’ 4 @ implies T' <1 ) in M 4.

Proof. By induction on the construction of I' € . It cannot be constructed using (4Q).
If it is constructed using (<L), then we have I' € Ant(L), to which we apply the (<.l1)
rule to obtain I' < (). Lastly, if it is constructed using («V) as the last rule, then for some
formulas ¢, 1, it follows that T' € Ant(p V1)) and from the induction hypotheses that {p} <1 ()
and {¢} < 0, which allows us to apply the (<1V) rule to obtain a construction of ' < 0. <«

4 First-order lattice logic

We extend lattice logic with constants, predicates and quantifiers. Syntactically, we extend
the proof system from Definition 1 with the usual quantifier rules. Semantically, this is
reflected by extending a cover system with a universe U of names, and an interpretation of
the constants and predicates. Completeness is proven constructively using a modification of
the completeness for first-order intuitionistic logic [24, Section 8].
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4.1 Cover models for first-order lattice logic

Let Pred be a set of predicate symbols, each accompanied by an arity, Cons a set of constants
and Var a countably infinite set of variables. The the set of terms is Terms = ConsU Var, and
the first-order language F = F(Pred, Cons, Var) and first-order contexts Ctxg are given by:

pu=Ptr,....ta) [ T L@ A@ o Ve|Vae|Iap Fa=-[T,¢

where P is an n-ary predicate, ti,...,t, € Terms, and z € Var. We write ¢(t/x) for the
result of substituting every free occurrence of = in ¢ with the term ¢.

» Definition 30. The proof system F = F(Pred, Cons, Var) is given by extending the rules
from Definition 1 with the following quantifier rules:

'+ kv T'F ot r'+4d F
LEe gy LEY0 gy DO o LA
'k Vae Tk o(t/z) 'k 3z | V)
where in (V-IN) z is not free in ', and in (3-EL) z is not free in .
» Lemma 31. The modus ponens (MP) rule ('@ @t )/(T' F 1) is derivable.
Proof. Let I' be a context and ¢, two first-order formulas. Then the derivation
| N )
Trove V™M) Ly ory (v-bL)
N i
shows that (mPp) is derivable. <

The first-order language can be interpreted in cover frames with a universe U of names
and an interpretation Z of the constants and predicates as follows.

» Definition 32. A first-order cover model is a structure 9 = (W, <, U, Z) where (W, <) is a
cover system, U is a universe of names and 7 is an interpretation that assigns to each constant
c an element Z(c) € U, and to each n-ary predicate P a map Z(P) : U™ — Loc(W, <). An
assignment of the variables for 90 is a function p : Var — U. We extend p to a map
Terms — U on terms by setting p(c) = Z(c) for every constant ¢. Furthermore, we denote by
plx := u] the assignment that sends x to u and acts as p on all other variables.

The interpretation of first-order formulas is given by

M,w =" Plty,... t,) iff weZ(P)(p(tr), ..., ptn))

Mw =" T always

Mw =P L if w<

Mw =P o A ifft M, w =" ¢ and Mw =°

M,w =P oV iff there exists & € W such that w < « C [¢]” U [¢]”
M, w = Ve iff o, w =P g for all w e U

M, w = Jzp iff there exists o C W such that w < «

and for all v € o we have 9, v ==  for some u € U

Here [¢]? :={w € W | M, w = ¢} is the truth set of ¢ in M with assignment p, which is
extended to contexts I' as expected. We write I' =™ ¢ if [I']? C [¢]” for all assignments p.
Finally, we write I' 7 ¢ if T' =™ ¢ for all first-order cover models 9t for F.
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Note that we have
[Vzp]? = n [e]P==4  and [Fay] = <<]>( U Hwﬂp[m::u]). 1)
uelU wel

» Lemma 33. Let 9 = (W, <,U,Z) be a first-order cover model and p an assignment of the
variables. Then [¢]? € Loc(w, <) for all ¢ € F.

Proof. We extend the inductive proof of Lemma 7. If ¢ = P(t1,...,%y,) then the statement
holds by definition, and for quantified formulas we combine Equation (1) and Lemma 4. <«

» Theorem 34 (soundness). IfI' 7 ¢ then T =™ ¢ for every first-order cover model M.

4.2 Completeness

We fix a first order language F = F(Pred, Cons, Var). To construct a canonical model for F,
we use an extended language F** = (Pred, ConsU Var, Var’) in which the elements of Var are
added to Cons, and Var’ is a fresh set of variables. Then any F-formula is a F¢®!-sentence.

» Definition 35. Let Cixg be the set of F-contexts and let U = Cons U Var. Define <r
inductively on Ctxg via the clauses from Definition 9 together with
I € Ant(3xyp) {e(c/x)} <F B. for all c € Ur
I <F UCEU]: /Bc

For each ¢ € Cons define Zx(c) = ¢, and for each n-ary predicate P and terms ¢y, ...,t,, let
Zr(P)(t1,...,tn) == Ant(P(ty,...,t,)). Finally, set Mz := (Ctxg, <x, Ur, Zr).

(<3)

» Lemma 36. The tuple Mr = (Ctxg, <z, Ur,Zr) is a first-order cover model for F.

Recall that every formula ¢ in F is a F¢-sentence, so we can interpret ¢ in 9z without
giving an assignment of the variables. We obtain:

» Lemma 37 (Truth lemma). For all p € F and T € Cixp, Mz, T = ¢ iff T’ € Ant(p).

Proof. We extend the inductive proof from Lemma 11 with cases for the quantifier rules.
Case ¢ = Va1). Suppose Mz, T = Vap. Then by definition T" € [¢(t/2)] for all t € U, so
by induction I € Ant(¢(t/x)) for all ¢ € U. Let y be a variable not occurring in T' or 1,
then I' F ¢(y/z) and by (V-IN) T' F Vyi(y/z). Combining (V-EL) and (V-IN) shows that
Yy((y/x)) F Vi, so that (MP) yields T’ € Ant(Vay)).

For the converse, suppose I' € Ant(Vat). Then T' - Vae), hence by (V-EL) we have
TFy(t/z), ie. T € Ant(y(t/x)), for all t € U. By induction Mz, T = ¢(t/x) for all t € U,
hence I' € N, [¥(t/)] = [Vay], i.e. Mz, T |= Vb

Case ¢ = Jz1p. Suppose Mz, T' |= Jzep. Then by definition there exists a cover a such

that I' < o C Uy, [¥0(¢/2)], so by the induction hypothesis I' < o C (U, ¢, Ant(4(t/2)).

By (3-IN), ¢(t/z) F xep. This implies Ant(¢(t/x)) C Ant(Jzep) for all terms ¢, so that
I <« C Ant(3z¢) and by Lemma 36, T’ € Ant(3zv)).
For the converse, suppose I' € Ant(3z1)). Then by definition and the induction hypothesis

ra ([ {w/)yc [ Ant(et/2) = | [(t/)]

teUr teUr teUr
so by definition I' = Jz1p, i.e. ' € [Fz1)]. <
Using the same proof as Theorem 21, but appealing to Lemma 37, yields:
» Theorem 38. For all p € F and T € Ctxg, we have T =x ¢ if and only if T Fx ¢.

11
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F'kyx: A (y not in T") Fkyx: A .
Fz:AF,z: A _— I'Funit:1
Ny:BFyz: A FFz:A
'Ft:0 'kt A I't: B I'Ft:Ax B 'kt:Ax B
'k abortt: A 'k pairtu: Ax B THAfstt: A I'+sndt: B
T'Ht: A I'Ht: B I'Fs: A+ B z1 ARt : C To:BbFity:C
kinlt: A+ B Ttkinrt: A+ B I'F match s (z1 = t1) (z2 = t2) : C

Figure 1 Well-typed terms in LC.

5 Program calculus based on lattice logic

In this section, we define and analyse a typed program calculus LC (for “lattice calculus”)
based on lattice logic by assigning terms to the proof rules from earlier. The language of
types is in one-to-one correspondence with formulas and is defined as follows:

Au=1]1|0|AxA|A+A Fa=-|T,z:A (znotinl)

The type ¢ denotes an uninterpreted base type, 1 and 0 denote the unit and empty type,
respectively, A x B denotes the product of two types, and A + B denotes the sum of two
types. A context I' is a finite list 1 : Ay,...,z, : A, of unique type assignments to variables.

The term language of LC counsists of variables (z,vy,...) and term constructs for the
unit type (unit), empty type (abort), product types (pair, fst, snd) and sum types (inl, inr
and match). The typing judgements I' ¢ : A for LC are defined in Figure 1. Observe the
typing rule for the match construct: given a scrutinee I' s : A+ B, the branches A+t : C
and BF ty: C of a term T' F match s (21 — t1) (22 — t2) : C' cannot access variables in T.
In light of the match construct, sum types in LC enable a kind of strict choice where the
result of a match can only depend (if at all) on the value produced by the scrutinee.

The equational theory for LC is given in Figure 2. The 7 rules state how a term of
a given type can be expanded to one in canonical form and the § rules state how terms
with “detours” can be reduced when an elimination term construct (e.g. fst) is applied to
an introduction construct (e.g. pair). The 7 rules, also known permutation rules [48] or
commuting conversions, state that an elimination construct (specified by the grammar E
in Figure 2) can be permuted with the constructs abort and match. We may extend the
equational theory in Figure 2 with the rules n} and 7rfr below to admit a stronger 7
rule (ni) for sum types (denoted by +.nt in [41]), which states that for any I'-s: A+ B
and x : A+ B F t: C we have t[s/z]~match s (z1 — t[inlz1/2]) (k2 — tlinrzs/z]), and
similarly a stronger 7o rule (n}) stating t[s/2] ~ abort s for any '+ s:0and z: 0+ ¢ : C.

I[abortt] ~ abortt (7¢)
I[match s (x1 — t1) (x2 — t2)] &= match s (1 — I[t1]) (x2 — I[t2]) (rh)
where I[ ] =:=inl[]]inr[]

These rules simplify the categorical semantics of LC, as we will see shortly, but are not
always desirable in the study of program calculi, since they lead to an explosion in the size
of normal forms and complicate the normalisation algorithm significantly [20, 1, 41].
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IfT'¢:1 then t~unit (m)
fst (pair tu) ~t (Bx1)
snd (pair tu) ~u (Bx2)
IfT'Ft: Ax B then t~ pair (fstt) (snd u) (nx)
IfI'+1¢:0 then t~abortt (10)
IfT'F¢: A+ B then t ®match ¢ (z1 — inlzy) (2 — inrxa) (n+)
match (inl s) (21 = t1) (22 = t2) =t1[s/21] (B+1)
match (inrs) (z1 — t1) (x2 — t2) A ta[s/x2] (B+2)
Elabortt] ~ abort ¢ (7¢")
E[match s (x1 — t1) (x2 — t2)] = match s (21 — E[t1]) (z2 — E[t2]) (%)

where E[ ]| ::=abort[]|fst[]|snd[] | match[](z1 + t1) (2 — t2).

Figure 2 Equational theory for LC

5.1 Categorical semantics

Our development in this section will rely on familiarity of some elementary category theory.
Detailed definitions can be found in Appendix C, alongside a description of our notation.

Briefly, recall that a category C is cartesian when it has a final object (an object 1 with
morphisms termy : A — 1) and products (4 x B, proj;, proj;, (—,—)) for all objects
(A,B,C,...)in C, cocartesian when it has an initial object (0, init4 : 0 — A) and coproducts
(A+ B, injy, injy, [—,—]), and bicartesian when it is both cartesian and cocartesian.

Given a bicartesian category B equipped with a valuation object V,, suppose we interpret
types and contexts of LC as usual by objects in B ([:] =V, [1] = 1,[0] = 0, etc.) and terms
as morphisms in B. The calculus LC can naturally be shown to be sound and complete
for all such bicartesian categories when its equational theory is extended with rules ()
and (71) mentioned previously. This is because the extended equational theory admits the
rules (U(T)) and (771), the proof of which can be given by induction on the substituted terms
in the respective rules. In the remainder of this section, we will identify a more general class
of categorical models of LC that do not demand (178) and (nl)

The key tool in our semantics will be a monad algebra. Recollect that a monad T on
C is an endofunctor 7' : C — C accompanied by a family of morphisms 4 : A - T'A and
py : T?A — T A subject to the usual monad laws. A T-monad algebra 24 = (A4,£4) is an
object A in C coupled with an “algebra map” morphism ¢4 : TA — A in C subject to certain
conditions, and a homomorphism A : 24 = 2Ap is a morphism h : A — B that commutes
with the algebra maps. The main idea is that the monad 7" will generalise the operator (<1)
from earlier while T-monad algebras will generalise localised sets.

» Definition 39. Let T be a monad on a category C. Let CT be the category with T-algebras
as objects, and whose morphisms 204 — 2 are given by morphisms A — B in C.

CT is not the Eilenberg-Moore category, as morphisms in C*" need not be homomorphisms.

» Proposition 40. There is a “free” functor J : C — CT that maps an object A in C
to the T-monad algebra (TA,ju, : T?A — TA) and a morphism f : A — B in C to the
morphism Tf : TA — TB in C, which is a morphism (T A, ) — (TB,ug) in CT.

13
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» Lemma 41 (Key lemma for Theorem 42). Given an arbitrary bicartesian category B equipped

with a monad T, the following hold for the category BT determined by Definition 39:

1. BT is a cartesian category.

2. JO is a weak initial object in BT (i.e. inity, : JO — A4 need not be unique) s.t. for any
homomorphism h : 204 = Az we have id jo = inityo and hoinity, = inity, : JO = Az.

3. J(A+ B) is a weak coproduct of the T-algebras A and Ap in BT s.t. for any homo-
morphism h : Ao = Ap and morphisms f : Ay — Ao, g : A — Ao in BT, we have
idy(a+m) = [injy,injy] and ho[f,g] = [ho f,hog]: J(A+ B) — Ac.

4. Given any T-algebras A, Ap, Ay, the following morphisms in BT are homomorphisms:
a. proj; : A4 x Ap = A4 and proj, : A4 x A — Ap
b. inity, : JO = A4 and [f,g] : J(A+ B) =z forany f: A4 — Az, g:Ap — Ay

Given a monad 7T on a bicartesian category B, let us refer to the category of algebras BT
as a categorical model of LC when it is equipped with some T-monad algebra V, for valuation
of 1. We can interpret types and contexts in any categorical model of ILC as follows:

L =V,
ooy 0 [=J0) e

The product of two interpetations is given by the cartesian structure of B7 due to Lemma 41(1).
While J(0) is not an initial object in B7, it forms a sufficiently weak initial object, as stated
in Lemma 41(2), that validates the expansion rule 7y and permutation rules 7{° in Figure 2.
Similarly, J([A] + [B]) forms a sufficiently weak coproduct, as stated in Lemma 41(3), of
the interpretations [A] and [B] that validates the 811, 812, n4 and 7% rules in LC.

» Theorem 42 (Soundness of categorical semantics). For every term I' -t : A in LC there is
a morphism [t] : [T] — [A] in an arbitrary categorical model C of LC such that for any other
term T w: A, if t=u in the equational theory of LC (given in Figure 2) then [t] ~[u] in C.

5.2 Denotational semantics using cover models

While it was sufficient to interpret a formula ¢ as a subset [¢] C W for some given cover
system (W, <) previously, we need a refined interpretation for types. In this subsection we
develop cover semantics for ILC by interpreting types as families of sets indexed by W. Recall
that a family of sets X indexed by W is a collection of sets {X,, }wew that consists of a
set X, for each w € W. Write F(W) for the collection of all families of sets indexed by W
and X — Y for the family of functions {X,, — Yy }wew for X, Y € F(W). We will replace
the cover relation < in a cover system with a function Cov that maps a world w and a family
of sets X to a set Cov(w,X) known as the covering set. Observe that the function Cov
determines a family Cov(—, X) = {Cov(w, X)}wew known as the covering family of X.

» Definition 43. A refined cover system for LC is a tuple (W, Cov) consisting of a set W and
a function Cov that defines a covering set Cov(w, X) for every w and X, equipped with the
following families of functions that satisfy the subsequent coherence conditions:

map{f) : Cov(—, X) = Cov(—,Y) forany f: X > Y

ideny : X = Cov(—, X) for any X € F(W)

trans(f) : Cov(—, X) = Cov(—,Y) for any f: X — Cov(—,Y)

map(id) = id and map(f) o map(g) = map(fog)

map(f) oiden = ideno f and map(f) otrans(g) = trans(map(f) o g)

trans(trans(f) o g) = trans(f) otrans(g) and trans({iden) = id and trans(f) oiden = f
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The first of the three coherence conditions says that map(—) preserves identity (id : X —
X) and composition of families of functions, the second states iden and trans(—) are “natural”,
i.e. commute with map(—), and third states that trans(—) is associative and iden is its unit.

» Definition 44. We say that X € F(W) is localised family when there exists a family of
functions £x : Cov(—, X) — X such that £x oideny = id and £x o map({lx) = £x otrans(id).
Let us write LocFam (W, Cov) for the collection of localised families determined by (W, Cov).

» Proposition 45. Given a set W, families of sets indexed by W form a bicartesian category
equipped with a monad Cov that maps a family X to its covering family Cov(—, X). Further,
a localised family X € LocFam(W, Cov) is a Cov-monad algebra with {x as the algebra map.

A refined cover model for LC is a triple (W, Cov, V') with a cover system (W, Cov) and a
valuation V' that assigns a localised family V' (¢) to the base type ¢. By virtue of the soundness
of categorical semantics for LC in Theorem 42, Proposition 45 gives us that the category
of Cov-algebras F (W)COV is a categorical model of LC. We thus obtain an equationally
sound interpretation of types A and contexts I' in LC as localised families [A],[I'] €
LocFam(W, Cov) and terms ' ¢ : A in LC as families of functions [t] : [T] — [A].

» Corollary 46 (Denotational semantics for LC via cover models). Given an arbitrary cover
model of LC, if t =u in ILC then the families of functions [t] and [u] are equivalent.

For completeness of proof terms we can once again construct a canonical model. Define
a family of normal forms Nf(T',A) = {n | Tkyrn : A}rec, akin to the set of normal
antecedents in Section 2.3, and similarly Ne(T', A) = {n | I'Fygn : A}recix as the family of
neutrals. Also define a canonical model My = (Ctx, Covar, Nf(—,¢)), where Covys is given
for any X € F(Ctx) and context I" by the covering set Covar(T', X) defined inductively as:

If we have z € Xr, then infer leaf(x) € Covpr (T, X)

If we have = € Ne(T',0), then infer dead(z) € Covar(T', X)

If we have z € Ne(T', A + B), my € Covpy ({4}, X) and mg € Covpr({B},X), then infer

branch(x, my,mg) € Covpr (T, X)
The tags leaf, dead and branch are “constructors” in the sense of type theory that record the
applied construction rule within the elements of a covering set. As before, we have:

» Theorem 47 (Completeness of normal forms in LC). Given a term T -t : A, or a family of
functions [T] = [A] for all cover models of LC, we can construct a normal form Tbypn @ A.

6 Conclusion and future work

We have investigated cover semantics for lattice logics. Using Goldblatt’s work as a starting
point, we used a simpler notion of cover systems and provided constructive soundness and
completeness proofs for lattice logic as well as modal, first-order and program calculus
extensions. This opens the door to myriad directions for future research.

First, it would be interesting to further develop the model theory of cover semantics.
This could include a notion of morphism between cover systems akin to [44, Definition 2.7],
developing generated subframes and disjoint unions as in [8, Section 2.1], and developing a
constructive categorical duality for (modal) lattices.

A second natural direction for further research is to capture more modal lattice logics.
There are various approaches towards extending lattice logic with modal operators, including
extensions with independent [13] and interacting [7] O- and <-modalities, temporal exten-
sions [32], and non-distributive description logics [2]. It would be interesting to see if these
can all be studied using covers, thus using cover semantics as a universal modal framework.
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Next, the embedding of lattice logic into classical monotone S4 from Remark 13 warrants

further study. It can be viewed as an analogue of the Gédel-McKinsey-Tarski translation of
intuitionistic logic into classical normal S§4 [22, 42, 15], which gives rise to the famous Blok-
Esakia theorem [9, 16, 17]. Does this theorem have an analogue in the lattice logic setting?

Finally, it would be interesting to investigate the connection between modal and first-order

lattice logic. A similar approach was used to obtain intuitionistic modal logics from classical

ones [47, 30]. In the setting of lattice logic, the usual standard translation [8, Section 2.4],
using the diamond-clause for Q| yields a translation of M into a the first-order language
with one binary predicate and a unary predicate for each proposition letter. What modal
lattice logic is such that derivability of I" I ¢ coincides with derivability of st (I") I st,(¢)?
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A Embedding lattice logic into classical monotone modal logic

We provide details for Remark 13. Let C be a classical modal language with one modal
operator O. Define the logic MS&4 as the extension of classical monotone modal logic
with the axioms p — Op and OOp — Op. Since cover systems correspond bijectively to
neighbourhood frames satisfying counterparts of (identity) and (transitivity), we can transfer
the usual neighbourhood semantics for monotone modal logic to models based on cover
systems.

Concretely, by a classical cover model we mean a tuple € = (W, <, V') consisting of a cover
system (W, <1) and a valuation V' that assigns to each proposition letter p a (not necessarily
localised) subset V(p) of W. The classical connectives are interpreted as usual, and the
modal operator is interpreted by

wEL Op iff w < aC [y] for some cover a.

We write =! to highlight that we are interpreting classical modal formulas in a classical way.

In particular, disjunction is interpreted locally, i.e. w =< ¢ V ¥ if w = ¢ or w = 4 (or
both). Besides, note that if the cover relation is upward closed, i.e. if w < a C 8 implies
w <1 (3, then the interpretation simplifies to w = Oy iff w < [¢].

We can use existing results for classical monotone modal logic form [31] to establish that
the logic M&4 is sound and complete with respect to the class of cover systems.

» Theorem 48. The logic MS4 is sound and complete with respect to the class of classical
cover models.

Proof. Soundness follows from the tact that (identity) and (transitivity) can be used to prove

validity the additional axioms (with respect to all valuations, not just the localised ones).

For completeness, we use the fact that the axioms p — Op and OOp — Op are equivalent to
dual KW-formulas [31, Definition 5.13]. Therefore [31, Theorem 10.44] entails that MS4 is
sound and complete with respect to the class of monotone neighbourhood models validating
p — Op and OOp — Op. Since the monotone neighbourhood frames from [31] can be viewed
as special cases of cover systems (namely those in which w <t  C 8 implies w < ), and
on monotone neighbourhood frames (identity) and (transitivity) precisely correspond to the
two axioms, it follows that such monotone neighbourhood frames (viewed as cover systems)
are contained in the class of all cover systems validating M&4. This yields completeness. <

» Lemma 49. Let € = (W, <, V) be a classical cover model. Define V< by V(p) = (<)(V(p))
and let €9 = (W, <0, V). Then €7 is a cover model for lattice logic, and for all ¢ € L and
I' € Ctxy, we have:

CuwkEtp) ff €%w e (2)
Proof. By Lemma 4(2) V<(p) is localised for each p € Prop, hence €< is a cover model for
lattice logic. We prove Equation (2) by induction on ¢. The cases for ¢ = T and ¢ =1 A x

proceed as usual. If ¢ = p € Prop then we have ¢(¢) = Op and

CwEtp) iff CwpEop iff we()V(p) iff weVI(p) iff €3 wl=p.
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The case for ¢ = | is similar. If ¢ = V x then we have t(¢) = O(t(¢)) V t(x)) and we find

Cuw ") iff Cw T OtY) Vi)
iff w e (<Q)([t)]° U [t00]°)
it we ([ U (induction hypothesis)
if ¢ wEYVy <

» Theorem 50. For all o € L and T' € Ctxy,, we have I' F ¢ iff t(T") Farsa t(e).

Proof. Suppose I' F ¢. Then I'" = ¢ on the class of cover models for lattice logic. Let
¢ be an arbitrary classical cover model. Then by Lemma 49 we obtain #(T') =M% t().
This proves that ¢(I") = t(p) on the class of classical cover models, hence by completeness
HT) Faass H(p):

For the converse, suppose ¢(I') Fas4 t(¢). Then by soundness ¢(I') Fars4 t(¢) on the
class of classical cover models. Let 2t = (W, <1, V') be an arbitrary cover model for lattice
logic. Then it is also a classical cover model, and we have V< = V. Using Lemma 49 again
yields I' =™ . Completeness of lattice logic then entails ' - ¢. |

B Proofs omitted in Sections 2—4

Proof of Lemma 10. Identity follows immediately from (<1-ID). For transitivity, suppose
I' <z aand A <1z Sa for each A € a. We prove by induction on the construction of « that
I' <z Uaea Ba- If ais constructed using (<I-1D) then a = {I'} and the statement is clear, and
if a is constructed using (<L) then a = ), so that trivially I' < = Jac, Ba. So suppose
I' € Ant(p V#) and {9} <z a1 and {¢} <z as. Then by induction {¢} <z Upcq, Ba and
{¥} 9 Uaca, Ba, so that (aV) yields T <z (Uaca, 82) U (Uaca, 82) = Uaca Ba-

To see that Ant(p) € Loc(Ctxy, <z), suppose I' <1z o« € Ant(p). We show by induction on
a proof of I" <z a that ' € Ant(yp). If T’ <z « is obtained from (<I-ID) then the assumption
gives I' € Ant(yp), and if it is obtained via (<L) then I' proves everything, including ¢.
Finally, suppose I" € Ant(¢ V x), {¢} <¢ a1, {x} <z a2 and @ = a3 U as. Then by the
induction hypothesis we have {1/} € Ant(p) and {x} € Ant(p), so ¥ - ¢ and x - ¢. It then
follows from (V-EL) that I' - ¢, i.e. I' € Ant(yp), as desired. <

Proof of Theorem 34. Fix an arbitrary first-order cover model 9. We use induction on
the length of a derivation for I' k£ ¢ to show that [I']? C [¢]” for all assignments p. If the
last rule is one of those from Definition 1, then we proceed as in Proposition 8.

Suppose last rule in the derivation is (V-IN). Then by assumption [I']? C [¢]? for every
assignment p. Since x is not free in T', we have [[']* C [¢]°l*=% for all u € U. This
implies [ C N,cplel?®=4 = [Vap]?. If the last rule is (V-EL), then by assumption
[T1? € [l = Nyey [, hence [T]° € [p]=") = [g(t/a)]?, for any p.

Now suppose last rule in the derivation is (3-IN). Since [p(t/)]” C U, cp[e]?= =4 =
[Fzp]? for any assignment p, it follows that [I']? C [p(¢/2)]” implies [I']” C [3z¢]”. Finally,
suppose the last rule is (3-EL). Then by assumption [I']? C [Fz¢]? and [¢]? C [¢]” for
every assignment p. Since 2 does not occur free in ¥, we have [@]°l*=4 C [y]rl==4 = []°
for any assignment p, hence

Bagl” = (o ( U o)) € () (w]7) = I,

uelU

as desired. <
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Proof of Lemma 36. We need to verify that (Ctxg, <r) is a cover frame and that Zx(P) (¢, . . .

is a localised subset of (Ctxg, <\x) for every n-ary predicate P and terms ti, ..., &,.

(Ctxp, <F) is a cover frame. Reflexivity of <z follows immediately from the definition of <1x.
For transitivity, suppose I' <z o and A <z SA for each A € a. We prove by induction on
the construction of o that I' < (Jo ., @a. The cases for (<-1D), (<L) and (<1V) proceed as
in Lemma 10. For the additional case of (<13), suppose I' € Ant(Jzy) and {p(c/z)} <F a. for
all c € Ur and a = {J (s, @c. Then by assumption {¢(c/z)} <x Upca, Ba, so (<3) gives

I'<r U(UBA):UEA,

ceUr Aca. Aca
as desired.

Zr(P)(t1,...,ty) is localised. Suppose I' < o C Ant(P(ty,...,t,)). We use induction on the
construction of « to show that T' € Ant(P(t1,...,t,)). If « is constructed using (<1-ID) or
(<L) then this is obvious. If « is constructed using (<1V) then there exists ¢, ¢ € F and
aq,ae C Ctxp such that T' € Ant(¢ V ¢) and {¢} <r a1 and {¢} < a2 and a = ag U as.
Then by induction ¢ € Ant(P(t1,...,t,)) and ¢ € Ant(P(t1,...,t,)), so that (V-EL) entails
I € Ant(P(t1,...,tn)).

Finally, suppose « is constructed using (<13). Then there exists a formula ¢ and sets
Be C Ctxp such that I' € Ant(3z¢) and {p(c/x)} <F B. for each ¢ € Ur and a =, ;.. Be.
This implies ¢(c/z) € Ant(P(t1,...,t,)) for all ¢ € Ur. Pick a variable y that does not
appear in ¢ and is not equal to any of the ¢;. Then we have ¢(y/z) F P(t1,...,t,), hence
by (V-IN) we find ¢(y/x) & VaP(t1,...,t,). Since x is not free in VzP(t1,...,t,), we
can use (3-EL) to deduce T' - VaP(t1,...,t,), hence by (V-IN) we get T' - P(t1,...,tn),
ie. I € Ant(P(t1,...,tn)), as desired. <

C Categorical preliminaries and some proofs omitted in Section 5

Given a category C, an object 1 is a final object in C when it is accompanied by a family
of unique morphisms termy : A — 1, for objects A in C. Uniqueness means for any
morphism h : A — 1 in C, h = term4. An object 0 is an initial object in C when it is
accompanied by a family of unique morphisms inity : 0 — A. A weak initial object is an
object 0 accompanied by a family of morphisms init4 : 0 — A that need not be unique.

A product of two objects A and B in a category C is an object A X B accompanied
by “projection” morphisms proj; : A x B — A and proj, : A x B — B, and a “pairing”
morphism (f,g) : Z — A x B for any object Z with morphisms f:Z - Aand g: Z — B
in C. These morphisms are subject to the conditions that:

proj, o{f,g) = f and projy o(f,g) = g

for any h: Z — A x B, if proj; oh = f and proj, 0 h = g then h = (f, g).

Dually, a coproduct of two objects A and B is an object A + B accompanied by “injection”
morphisms inj; : A - A+ B and inj, : B — A+ B, and a “copairing” morphism [f, g] :
A+ B — Z for any morphisms f: A — Z and g : B — Z, subject to the conditions that:

[f.g]oinj; = f and [f,g] oinjy = g

forany h: A+ B — C, if hoinj; = f and hoinj, = g, then h = [f, ¢]

A weak coproduct of A and B is an object A+ B defined alike by omitting the last condition.

A monad T on C is an endofunctor 7" : C — C with a family of morphisms n, : A - TA
and g, : T?A — TA such that p is an “associative operation” in the sense that we
have pyopups = paoTp,y : TPA — TA for any object A in C, and 7 is the “unit” of u
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in the sense that p,0Tn, = idra and gy onps = idra. Observe that we write T2 A for
consecutive applications of T as TT A and similarly for T3 A. Additionally, n and p must be
“natural” in the sense that forany f: A = BinC, Tfona=ngofand Tfous = ugoT?f.

A monad algebra A4 = (A,€4) for a monad T on C, known as a T-algebra, is an
object A coupled with an “algebra map” morphism ¢4 : TA — A in C such that £4ony =
ida and £y 0Tly = Lyopa. A homomorphism h of T-algebras (A,¢4) and (B,{p) is a
morphism h : A — B that commutes with the algebra maps as hofs = g oTh.

Proof of Proposition 40. The morphism u 4 is an algebra map for the object T'A when it
satisfies the equations py onpy =idra and py 0Ty = g 0 i 4. The former is an instance
of the second unit law of the monad T" and the latter is instance of the associativity law of T'.
The functor laws of J similarly follow readily from those of the functor T |

Proof of Lemma 41. It is given that B is a bicartesian category and T is a monad.

1. We define the cartesian structure of B using the cartesian structure of B. The
terminal algebra is given by (1,term; : T(1) — 1) and the product of two algeb-
ras A4 = (A, €4) and Ap = (B,{p) is given by A4 x Ap = (A x B,€sxp) where
lLaxp = (€aoTproj, {p o Tprojy). We can show that 24 x Ap is an algebra by leveraging
the structure of the underlying algebras 2l 4 and 2, while employing the properties of
products in B and the accompanying monad T" where needed. For example, we show the
condition L4y ponaxp = idaxp on the algebra map £4x p as follows:

laxBonaxp

= (LaoTprojy,lpoTprojy) onaxp

= ({4 0Tproj; onaxp,LpoTproj,onaxn)
= (L4 0na 0projy, g onp oproj,)

= (id 4 o projy, id g © proj,)

= (projy, projy)

= idA><B

In a similar routine fashion, we can also show {axpoTlaxp = laxBOlAxB-

2. JO0=(T0, o) is a weak initial object since we can define a morphism initgy, : JO — Az
for any algebra Az as inity, = £z o T'initz. Moreover, JO satisfies id yo = init.so as follows:

id jo

= idpo

= pooTno

= po o Tinitpg
= {pq o Tlinitpg

= init g
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Similarly, for any homomorphism h : 24 = Az we have hoinity, = inity, : JO — 20z as:

h o initg ,
=holyoTinity
=/flz0ThoTinity
={lz0T(hoinity)
=/{zoTinity
= inity,
Effectively, we leverage the fact that A is a homomorphism to “commute” arrows until it can
be composed as hoinity : 0 — Z, which must be equivalent to the unique initz : 0 — Z.
3. J(A+ B) = (T(A+ B),uat+p) can be shown to be a weak coproduct object since we
can define morphisms inj," : A — T(A + B) as inj;” = Tinj; ona, injy’ : B — T(A + B)
as inj,’ = Tinjyong, and [f,g] : T(A+ B) — C as [f,g]' = lc o T|f,g]. As before with
JO, we can show id ;a4 p) = [inj;’,inj,’]" by leveraging the uniqueness of [—, —] in B and
monad laws of T, and ho[f,g]' = [ho f,hog]’ by also leveraging ability to commute h.
4. The projection morphisms proj; and proj, in BT can be shown to be homomorphisms

by readily leveraging the algebra structure of products in BY. The morphism [f, g]’ :
J(A+ B) — ¢ is a homomorphism for any f: A4 — A, g : Ap — Ao since:

[fs g]logT(A+B)
=[f,9) opasn
=LlcoT[f,gloparn
=lcopcoT?[f,g]
= (o oTlcoT?[f, 9]
=LlcoT(lcoTlf, g])
=lcoT([f.q])

Similarly the morphism inity, : JO — 24 is too a homomorphism:

inity , o 470

= initg, o Lo

=Ly 0Tinity o pg

= {404 0T?inity
=04 0Tl 0T?nits
=fla0T(Lgo0Tinity)

=/l 0Tinity,
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