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Intuitionistic modal logic

ϕ,ψ := p, q, . . . | ⊥ | ϕ ∨ ψ | . . .

. . . | !ϕ | ♦ϕ | #ϕ . . .



:  “necessarily phi” 
 

     :  “possibly phi”

          :  “previously phi”
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proof theory has won



what about the model theory?



semantics of IMLs aren’t used in 

the study of modal type systems



why?



an opportunity missed! 



Kripke-style relational semantics

M = (W,⊑, . . . , V )

. . .

M, w ! ⊥ iff false

M, w ! A ∨B iff M, w ! A or M, w ! B

. . .

V : Atom → P(W )



. . .

M, w ! "A iff ∀v. w R v implies M, v ! A

M, w ! ♦A iff ∃v. w R v and M, v ! A

. . .

Kripke-style relational semantics

M = (W,⊑, R, V ) R ⊆ W ×W



Kripke-style relational semantics relies 

on classical reasoning principles



…which doesn’t suit the computational 

concerns of modal type systems



Goldblatt-style relational “cover” semantics

M = (W,⊑,▹, . . . , V )

. . .

M, w ! ⊥ iff w ▹ ∅

M, w ! A ∨B iff ∃α. w ▹ α and ∀v ∈ α.M, v ! A or M, v ! B

. . .

▹ ⊆ W × P(W )



Goldblatt-style relational “cover” semantics

. . .

M, w ! "A iff ∃v. w R! v and M, v ! A

M, w ! ♦A iff ∃v. w R♦ v and M, v ! A

. . .

M = (W,⊑,▹, {R!, R♦, . . .}, V )

e.g. Necessitation rule is valid for ! when R! is serial



“there is more to intuitionistic modal logic than the 

generalisation of properties of boxes and diamonds 

from Boolean modal logic”

— Goldblatt, Cover semantics for quantified lax logic, 2010.  



Relational cover semantics bypasses 

classical reasoning, but complicates 

model construction



Relational cover semantics bypasses 

classical reasoning, but complicates 

model construction
scope



Goldblatt’s interoperability conditions

M = (W,⊑,▹, R, V )

If w′ ⊒ w R v, there exists a v
′ s.t. w′

R v
′ ⊒ v

where ⟨R⟩X = {w ∈ W | ∃x ∈ X.w R x}

If w ▹ α ⊆ ⟨R⟩X, there exist v,β s.t. w R v ▹ β ⊆ X

“Modal Localization”
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If w ▹ α ⊆ ⟨R⟩X, there exist v,β s.t. w R v ▹ β ⊆ X





Modal Localization doesn’t always hold



…especially for a “Henkin-style” canonical model



Key Idea

! ⊆ W × P(W )

R ⊆ W ×W

replace



Key Idea

M = (W,⊑,▹, R, V )



Key Idea

M = (W,⊑,▹,", V )
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If w ▹ α ⊆ ⟨"⟩X, there exists a β s.t. w " β ⊆ ⟨▹⟩X
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Neighborhood cover semantics bypasses 

classical reasoning and liberates model 

construction



Neighborhood cover semantics is a 

conservative extension of relational 

cover semantics



p.s. constructivism is the means, not the agenda



Beginning observation: Modal Localization in 

relational cover semantics blocks construction of 

Normalization by Evaluation models



φ ∨ ψ

χφ χψ

ωφ ωψ

branching, case tree, or 
disjunction elimination

sequence of functorial 
actions or modal rules

e.g. a proof tree



φ ∨ ψ

{χφ,χψ}

ωφ ωψ

W = Formulas

▹ ∼ branching

R ∼ modal rules

e.g. a proof tree



φ ∨ ψ

{χφ,χψ}

φ ∨ ψ

ωφ ωψ

???

???



φ ∨ ψ φ ∨ ψ



Case study: Absorption in NbE model for CKBox



Case study: Inclusion in NbE model for Lax Logic



Concluding observation: Modal Localization in 

neighborhood cover semantics allows construction 

of Normalization by Evaluation models



github.com/nachivpn/cover

https://github.com/nachivpn/cover

