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Intuitionistic modal logic is the study of

modalities in intuitionistic logic



© : “‘necessarily phi”

O+ “possibly phi”

¢, : “previously phi”



This talk is about constructively

modelling intuitionistic modalities



Propositional Lax Logic (i.e. logic of Moggi’s monadic ML)

Intuitionistic propositional logic +

S:Ax OB — O(A x B)
R:A— OA
J:00A — OA



Propositional Lax Logic (i.e. logic of Moggi’s monadic ML)

Intuitionistic propositional logic +
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T'FOA '+ OB




Kripke’s semantics for IPL

M=WLC, V) V:Atom —U(W)

M wlFp iff we V(p)

M,wlFT iff true

MwlFAANB it MwlF A and M,wlF B

M,wlt A= Biff Vo' J w. M,w" IF A implies M, w’ IF B




Kripke’s semantics for IPL

M=WLC, V) V:Atom —U(W)

M, wlF L iff false
MwlFAVBif MwlFAor M,wlFB



Kripke-style relational semantics for PLL

M=WERYV) REWxW

M, wlFp iff we V(p)

M, w
M, w
{/\/l,w

- iff false
- AVBif MwlFAor M,wlk B

- 0A iff Jv.w Rvand M,vIF A }



Soundness and Completeness of Kripke-style semantics

I'FAifandonlyif I' = A
VM, w. M,w - T imp'lies M, wlF A




Soundness of Kripke-style relational semantics for PLL

M=(W,C,R,V) V . Atom — U(W)

R
w 1 U
Q Q w R v implies w C v

R reflexive, transitive




Soundness of Kripke-style relational semantics for PLL

M=(W,C,R,V) V . Atom — U(W)

R
w 1 U
Q Q w R v implies w C v

R reflexive, transitive
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Every M determines an algebraic model M™ of PLL




Completeness for Kripke-style relational

semantics is famously not constructive



Constructing a “canonical” model for
Kripke-style relational semantics

demands classical reasoning



Kripke-style relational semantics for PLL

M=WERYV) REWxW

M, w - p iff we V(p)

MywlF L iff[false]

M,wlF AV B iff M, w IF AM,wIFB
M wlEOA iff Jv.w Rvand M,vIF A




...blocking hopes of categorifying the

semantics to model modal type systems



Beth-Kripke-Joyal “cover” semantics for IPL

M=WLC V) <a<CWxPW)

M, w - L iff w < ()
M,wlFAV B iff Jo.w <o and Vv e a. M,vIF Aor M,vIF B



Goldblatt’s “relational cover” semantics for PLL

M=WLC <, R,V) RCW xW

M, wlF L iff w<0
M, wlFAV B iff Jo.w <aand Vv ea. M,vIFAor M,vIF B
M, wlFkOA iff Jv.w Rvand M,vlF A




Soundness of relational cover semantics for PLL

M=WLC <, R,V)

V . Atom — LU(W)

ie. if Ja.w < a C V(p), then w € V(p)

Every M determines an algebraic model M™ of PLL

\_'_l

LU



Relational cover semantics does not

demand classical reasoning



Relational cover semantics does not
demand classical reasoning, but

severely restricts the class of models



Relational cover semantics does not

demand classical reasoning, but

- scope

severely restricts the class of models



Relational cover semantics relies upon
conditions that prohibit the construction of
“Henkin-style” canonical models and

Normalization by Evaluation models



Relational cover semantics relies upon
conditions that prohibit the construction of

“Henkin-style” canonical models and | . eq

" applications

Normalization by Evaluation models

—



Goldblatt’s interoperability conditions

M=W,C,<q,R,V)

If w Jw R v, there exists a v’ s.t. w Rv

/




Goldblatt’s interoperability conditions

M=W,C,<q,R,V)

If w Jw R v, there exists a v’ s.t. w’ Rv' Jw

If w<taC (R)X, there exist v,6s.t. w Rv<1pfCX

where (R)X ={w e W |dre X.w R x}

— “Modal Localization”



If w<taC (R)X, there exist v,6s.t. w Rv <1 CX




If w<taC (R)X, there exist v,6s.t. w Rv <1 CX
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Cover Semantics for Quantified Lax Logic

Robert Goldblatt

Centre for Logic, Language and Computation
Victoria University of Wellington, New Zealand

Rob.Goldblatt@msor.vuw.ac.nz

f QLL for its cover semantics. A natural binary relation R on S, can be defined from (O by putting
zR_y iff o = Opy, where ¢, p, are chosen generators of z,y as in the proof of Theorem 8.2. Then it
can be shown that

F\'Second, the reader may wonder whether we could have used this construction to prove the completeness
0

Qg € z iff for some y, xRy and ¢ € y,

so |Oyp| = (R )|e| and membership of |O¢| behaves like satisfaction for (. Moreover, R, is confluent
and nuclear. But the stumbling block is the Modal Localisation property, which does not appear to be
provable for R . It is for that reason that we resorted to the use of the MacNeille completion to construct
|__models that have this essential property.




Key Idea: Modal covering relation

RCWxW

replace

N

A« C W xP(W)



Key Idea: Modal covering relation

M=WLC, <, «4,V)



Modal cover semantics for PLL

M=W,C, <, 4 V)

M, wlF L iff w<0
M, wlFAV B iff Jo.w <aand Vv ea. M,vIFAor M,vIF B
MwlFQ0A it 8. w4 pf and Vve . M,vIF A




If w<aC (€)X, there exists a 8 s.t. w €4 8 C (<)X
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Modal cover semantics does not demand
classical reasoning and supports a larger

class of models; liberating construction



Modal cover semantics is a conservative

extension of relational cover semantics



Henkin-style canonical model for PLL

OV Y

/\ W =Formulas ALC Bif BFA
A<aiff AF\Va

{0, ¥}

ARBift A- OB

0 O



Henkin-style canonical model for PLL (inductively)

W =Formulas AC Biff BFA

PVY AF L

/\ A<{A} A0

AI‘Al\/AQ A1<CX1 A2<]()42
(6.0) =
041UCM2




Henkin-style canonical model for PLL (inductively)

W =Formulas AC Biff BFA

A+ OB BRC
{p, 9} ARA ARC

0 O



Failure of Modal Localization

OV Y VY

/\

(60 <><¢Av\ %)
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Cp O 22?



Henkin-style canonical model for PLL (inductively)

bV 1) AHOB B 4f
: A €« {A} A4p

__________ AF L AF AV A, A1<ﬁ1 AQ‘BQ

100, 01} A « () A 4 51U P
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Normalization by Evaluation for PLL

W = Contexts FCAMffT'CA

I' -ng L
I' < {I'} I'<()

I'Fnvg AV B F,AQO&l I''B < as

'K a1 Uas



Normalization by Evaluation for PLL

I'-ng OA T A €
' <« {I'} [' €4«

I' g L I'Fn\e AVB I'N'AlAda I''B 4

' € '4aUp



Main result: “Modal cover semantics” for a
family of four modal logics, with a single box
or diamond, that supports Henkin-style

canonical models and NbE models



Theorem 5.1 (Normalization) FEvery judgment derivable in the proof system for CM/SL/PLL/CKn
has a derivation in normal form. Moreover, every derivation can be normalized to one in normal form.

Y /Y
UA@dQ Q github.com/nachivpn/cover



https://github.com/nachivpn/cover

