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Classical modal logic

!(A → B) → !A → !B Axiom K

Classical propositional logic +

♦A ≡ ¬"¬A



Intuitionistic modal logic (IML)

! and ♦ are independent in IML

...as are ∧ and ∨ in IPL



The most basic IML: CK☐

!(A → B) → !A → !B Axiom K

Intuitionistic propositional logic +



K:!(A → B) → !A → !B

T:!A → A

4:!A → !!A

IMLs with boxes [Božić & Došen 1984,…]

CT!

CS4!

CK4!

CK!

Intuitionistic propositional logic + Nec. +



K:!(A → B) → !A → !B

T:!A → A

4:!A → !!A

Lambda calculi with boxes [Borghuis 1994, Clouston 2018]

λCT!

λCS4!

λCK4!

λCK!

Simply-typed λ-calculus +



I will not fall for the quasi-philosophical trap



S:A× ♦B → ♦(A×B)

R:A → ♦A

J:♦♦A → ♦A

IML with diamonds: Lax logic

LL

· ⊢ A → B

Γ ⊢ ♦A → ♦B
=============

Intuitionistic propositional logic +



S:A× ♦B → ♦(A×B)

R:A → ♦A

J:♦♦A → ♦A

Moggi’s monadic metalanguage

λLL

Simply-typed λ-calculus +



S:A× ♦B → ♦(A×B)

R:A → ♦A

J:♦♦A → ♦A

An objective of this talk

??
λLL

??

??



Base calculus is STLC, nothing funky

x : A ∈ Γ

Γ ⊢ x : A

Γ, x : A ⊢ t : B

Γ ⊢ λx. t : A → B

Γ ⊢ t : A → B Γ ⊢ u : A

Γ ⊢ t u : B

Ctx Γ ::= · | Γ, x : A

Ty A,B ::= τ | A → B | A×B | ♦A



Calculus for SL

Γ ⊢ t : ♦A Γ, x : A ⊢ u : B

Γ ⊢ letmap x = t in u : ♦B

⊢ λx. letmap y = snd x in (pair (fst x) y) : A× ♦B → ♦(A×B)



Γ ⊢ t : ♦A Γ, x : A ⊢ u : B

Γ ⊢ letmap x = t in u : ♦B

Calculus for SRL

Γ ⊢ t : A

Γ ⊢ return t : ♦A

· ⊢ λx. return x : A → ♦A



Calculus for SJL

Γ ⊢ t : ♦A Γ, x : A ⊢ u : ♦B

Γ ⊢ let x = t in u : ♦B

· ⊢ λx. let y = x in y : ♦♦A → ♦A

Γ ⊢ t : ♦A Γ, x : A ⊢ u : B

Γ ⊢ letmap x = t in u : ♦B



Γ ⊢ t : ♦A Γ, x : A ⊢ u : ♦B

Γ ⊢ let x = t in u : ♦B

Calculus for LL

Γ ⊢ t : A

Γ ⊢ return t : ♦A

· ⊢ λx. let y = snd x in return (pair (fst x) y) : A× ♦B → ♦(A×B)



What have I really said?



S:A× ♦B → ♦(A×B)

R:A → ♦A

J:♦♦A → ♦A

Lax modal lambda calculi

λSRL
λLL

λSJL

λSL



How do lax lambda calculi correspond to lax logics? 



What does correspondence mean?



Meta-theoretic hygiene

- Do the calculi accidentally admit garbage axioms?

- Can we extract proofs from terms? 

- Are the calculi normalizing?

- Are the equational theories decidable?



Answering these for each calculus is daunting



Syntax is not incremental

λSRL

λLL

λSJL

λSL
⊆

⊇



Semantics is!

!λSL"

!λSRL" !λSJL"

!λLL"

⊆
⊆⊇
⊇

Strong functor

Strong semimonad

Strong monad

Strong pointed



Semantics is!

!SL"

!SRL" !SJL"

!LL"

⊆
⊆⊇
⊇

Rm ⊆ Ri

+ Rm transitive+ Rm reflexive



How do the different semantics correspond?



Possible-world semantics

!A → B"w = ∀w
′
. w Ri w

′
→ !A"w′ → !B"w′

!♦A"w = ∃v. w Rm v × !A"v

w

w
′

R
−1

i
;Rm ⊆ Rm;R

−1

i

w

Rm ⊆ Ri

Rm transitive

Rm reflexive



Possible-world semantics

!A× ♦B → ♦(A×B)"wRm ⊆ Ri

Rm transitive

Rm reflexive !A → ♦A"w

!♦♦A → ♦A"w

R
−1

i
;Rm ⊆ Rm;R

−1

i
w Ri w

′
→ !♦A"w → !♦A"w′

=⇒

=⇒

=⇒

=⇒



Proof-relevant possible-world semantics

Rm ⊆ Ri

Rm transitive

Rm reflexive

R
−1

i
;Rm ⊆ Rm;R

−1

i
=⇒

=⇒

=⇒

=⇒

♦ is strong

♦ is pointed

♦ is a semimonad

♦ is a presheaf functor

* conditions apply



The Trick

Frame (W, Ri, Rm) Presheaf category Ŵ=⇒

=
⇒

Cartesian-closed category Ŵ



It’s an old trick



It’s an old trick [Mitchell and Moggi 1991]



Beyond boxes and diamonds, using neighborhoods

Frame (W, Ri, N)

CPw = Σn. n ∈ N(w)× ∀v. v ∈ n → Pv

N : W → P(P(W ))



EOM


