
modal (propositions as types)

Nachi Valliappan 

University of Edinburgh

Edinburgh Bayes Coffee House Tech Talk, Huawei-Edinburgh Joint Lab, 27 November ‘25



a bird’s eye view of a bridge



propositions as types



ϕ,ψ := p, q, . . . | ϕ ∧ ψ | ϕ⇒ ψ | . . .

A,B := int, bool, . . . | A×B | A → B | . . .



“propositions and types are isomorphic”



type systems for programmers 
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proof assistants for CS researchers



proof assistants for logicians











“modal” types
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F :: Type → Type

+ carefully selected operations 



ϕ,ψ := p, q, . . . | ϕ ∧ ψ | ϕ⇒ ψ | . . .

A,B := int, bool, . . . | A×B | A → B | . . .

. . . | WA | MA | FA . . .

. . . | !ϕ | ♦ϕ | ∇ϕ . . .



1. propositions as types
à la Philip Wadler, 2015. Propositions as Types.



1.1. propositional logic



For, while we must begin with what is
evident, things are evident in two ways—
some to us, some without qualification. 
Presumably, then, we must begin with 
things evident to us.

— Aristotle, The Nicomachean Ethics (translated)



Dangling assumptions 
and dubious axioms

fly past victims 
shackled in awe 

by the coherence of
an Aristotelian discourse



ϕ,ψ := p, q, . . . | ϕ ∧ ψ | ϕ⇒ ψ | . . .













proof



1.2. typed-lambda calculus



A,B := int, bool, . . . | A×B | A → B | . . .











prog.





ϕ,ψ := p, q, . . . | ϕ ∧ ψ | ϕ⇒ ψ | . . .

A,B := int, bool, . . . | A×B | A → B | . . .



propositions as types





propositions as types

proofs as programs



propositions as types

proofs as programs

as prog.proof



2. modal operators?



“Some claim that each of these variants has  
 an interpretation as a form of computation via
 Propositions as Types, and a down payment on this
 claim is given by an interpretation of S4 as staged
 computation due to Davies and Pfenning [16]”

— Philip Wadler, 2015. Propositions as Types



“Benton, Bierman, and de Paiva [4] observed that
 monads correspond to yet another modal logic, 
 differing from all of S1–S5.”

— Philip Wadler, 2015. Propositions as Types.



propositions as types

intuitionistic proofs as programs

as prog.proof



intuitionistic modal logic?



modal propositions as modal types

?? as programs

?? as prog.



is propositions as types a coincidence?



For a moment in despair, it would seem,
“Propositions as Types” is a dead school 
cloaking the timidity of a delusional fool



why not give up?



modal propositions modal types

1912



Valeria de Paiva’s blog



Valeria de Paiva’s blog



3. intuitionistic modal logic 



:  “necessarily phi” 
 

     :  “possibly phi”

          :  “previously phi”
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3.1. intuitionistic boxes



           :  “necessarily phi” 
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Γ ⊢ t : !A

Γ,! ⊢ unbox t : A
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Γ,! ⊢ t : A

Γ ⊢ box t : !A
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Γ, x : A,Γ′
⊢ x : A

! /∈ Γ
′



box propositions as box types

proofs in IK/… as programs in FS-IK/...

?? as prog.



modal logicians use relational semantics

modal type theorists use categorical semantics



relational models vs categorical models

easy to construct

enjoy a wealth of completeness results more general

aid formulating program reduction



can we steal relational semantics?
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Takeaway: “propositions as types” extends
 to boxes in intuitionistic modal logic



propositions as types
!,!

(W, Ri, Rm)



3.2. intuitionistic diamonds



    :  “possibly phi”
      



2022

2025



intuitionistic diamonds are under-developed



it makes little sense to ask for “diamond” types 



it makes little sense to ask for “diamond” types 

currently*



but we may ask for “monadic” modalities



                  :  “computation of A”
      



1991



1997-98



PLL



lax propositions as monadic types

proofs in PLL as programs in ML 

?? as prog.



SL, SRL, SJL, PLL
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Takeaway: “propositions as types” extends
 to boxes and a special class of diamonds

known as lax modalities



4. onwards



[Theory] Ongoing: Interaction with sum types



[Application] Ongoing: Modular normalization



[Application] Future: Semantics for modalities in CbV
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[Application] Future: IFC in an impure language
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