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Γ ⊢ t : A



Γ ⊢ t : FA



2. The Residualization Problem



Residualizing Semantics (conflated)

-- conflating object and host language types

class Res a where

 reify   :: a -> Exp a

 reflect :: Exp a -> a

eval :: Res a => Exp a -> a

norm :: Res a => Exp a -> Exp a
norm = reify ◦ eval



Residualizing Semantics (conflated)

-- conflating object and host language types

class Res a where

 reify   :: a -> Nf a

 reflect :: Ne a -> a

eval :: Res a => Exp a -> a

norm :: Res a => Exp a -> Nf a
norm = reify ◦ eval



Residualizing Monads (conflated)

class Monad m => ResMonad m where

 collect  :: m (Nf a) -> Nf (m a)

 register :: Ne (m a) -> m (Ne a)



Residualizing Monads (conflated)

instance (ResMonad m, Res a) => Res (m a) where

 reify :: m a -> Nf (m a)
 reify = collect ◦ fmap (reify @a)

 reflect :: Ne (m a) -> m a
 reflect = fmap (reflect @a) ◦ register



Residualizing Semantics

class ResFor a where

 type ⟦ a ⟧ :: *

 reify   :: ⟦ a ⟧ -> Nf a
 reflect :: Ne a -> ⟦ a ⟧

eval :: ResFor a => Exp a -> ⟦ a ⟧

norm :: ResFor a => Exp a -> Nf a
norm = reify ◦ eval



Residualizing Monads

class ResForMonad (m :: * -> *) where

 type ⟦ m ⟧ :: * -> *

 isMonad   :: Dict (Monad ⟦ m ⟧) 

 collect   :: ⟦ m ⟧ (Nf a) -> Nf (m a)
 register  :: Ne (m a) -> ⟦ m ⟧ (Ne a)

instance ResForMonad m => Monad ⟦ m ⟧ where …



Residualizing Monads

instance (ResForMonad m, ResFor a) => ResFor (m a) where

 type ⟦ m a ⟧ = ⟦ m ⟧ ⟦ a ⟧

 reify :: ⟦ m a ⟧ -> Nf (m a)
 reify = collect ◦ fmap (reify @a)

 reflect :: Ne (m a) -> ⟦ m a ⟧
 reflect = fmap (reflect @a) ◦ register



Obligations for residualizing a monad

instance ResForMonad m where

  -- Identify an operator ⟦ m ⟧ s.t.

 -- ⟦ m ⟧ is a (strong) functor
 -- ⟦ m ⟧ is a monad
 -- ⟦ m ⟧ supports collect and register



2. The Residualization Trick



Recipe for residualizing monads

Inductively define a kind of free monad ⟦ m ⟧ and
  show ⟦ m ⟧ is a (strong) functor by induction

  show ⟦ m ⟧ is a monad by induction
  show ⟦ m ⟧ supports collect and register by induction
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⟦ a ⟧ :: *
⟦ m ⟧ :: * -> *

!A " : W → Set

!M " : (W → Set) → (W → Set)



The Maybe Monad

Γ ⊢ t : A

Γ ⊢ just t : MAΓ ⊢ nothing : MA

Γ ⊢ t : MA Γ, x : A ⊢ u : MB

Γ ⊢ let x = t in u : MB



Normal Forms for the Maybe Monad

Γ ⊢NE t : MA Γ, x : A ⊢NF u : MB

Γ ⊢NF let x = t in u : MB

Γ ⊢NF t : A

Γ ⊢NF just t : MAΓ ⊢NF nothing : MA



Define Residualization Operator for Maybe

x : XΓ

just x : !M"Γ Xnothing : !M"Γ X

Γ ⊢NE t : MA m : !M"Γ,A X

let t m : !M"Γ X

X : Ctx → Set



Show the Residualization Operator is a (Maybe) Monad

X
·

−→ Y ! ∀w.Xw → Yw

X
·

−→ !M"X

X × !M"Y
·

−→ !M"(X × Y )

1
·

−→ !M"X

!M"(!M"X)
·

−→ !M"X

(X
·

−→ Y ) → (!M"X
·

−→ !M"Y )



The Residualization Trick lacks reusability



… is laborious to prove correct



… requires intervention when features are added



… has nothing to do with monads



… is learnt by experience



… is understood by a select few



Residualization for all!



2. Residualizing Functors, Systematically



Obligations for residualizing functors with some structure

-- Identify an operator ⟦ f ⟧ s.t.
   -- ⟦ f ⟧ is a functor

   -- ⟦ f ⟧ is a strong functor
   -- ⟦ f ⟧ is a monad
   -- ⟦ f ⟧ is a comonad

   -- ⟦ f ⟧ is a product-preserving functor
   -- ⟦ f ⟧ is a …

   -- ⟦ f ⟧ supports collect and register

Scope for today



(W,≤,N )

N : W → P(P(W ))

preorder

w

v1

v2

v3

N (w) = {{v1, v2}, {v3}}

configuration

+ compatibility conditions



CAw = Σα.α ∈ N (w)× {Av}v∈α

(W,≤,N )

“Cover Modality”

C : (W → Set) → (W → Set)

(X
·

−→ Y ) → (CX
·

−→ CY )



X
·

−→ CX

X × CY
·

−→ C(X × Y )

1
·

−→ CX

C(CX)
·

−→ CX

N is reachable

∅ ∈ N (w)

{w} ∈ N (w)

N is transitive

α ∈ N (w) ⇒ ∀v ∈ α. w ≤ v

⇒



CX × CY
·

−→ C(X × Y )

CX
·

−→ X

CX
·

−→ C(CX)

N is closed under ∩

α ∈ N (w) ⇒ w ∈ α

N is dense

1
·

−→ C1N (w) ̸= ∅

⇒



Define Residualization Operator for Maybe

empty : ∅ ∈ N (Γ) single : {Γ} ∈ N (Γ)

Γ ⊢NE t : MA p : α ∈ N (Γ, A)

cons t p : α ∈ N (Γ)

Obs. CX ∼= !M"X

({Γ,∆, ...},≤,N )



Show the Residualization Operator is a (Maybe) Monad

X
·

−→ !M"X

X × !M"Y
·

−→ !M"(X × Y )

1
·

−→ !M"X

!M"(!M"X)
·

−→ !M"X

⇒

N is reachable

∅ ∈ N (Γ)

{Γ} ∈ N (Γ)

N is transitive



There are (W,≤,N ) for which

C residualizes algebraic effects

C residualizes Err (with catch)

C residualizes ! in D.C. modal λ-calculi

C residualizes ♦ in Lax modal λ-calculi

C residualizes ! in F.S. modal λ-calculi



Under what conditions is C stable under sums?



CAw = Σα.α ∈ N (w)× {Av}v∈α

(W,≤,N )

+ a library of properties of C

– generic collect and register



github.com/nachivpn/frames

github.com/nachivpn/presheaves

github.com/nachivpn/cover
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