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Normalization is important




Why normalization matters

unbox (box n)
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Why normalization matters

e Canonicity

unbox (bOX n) e Conversion checking

e Completeness
(Azx.z)n nxl |
e Noninterference
n —+ 0 e Optimization




Normalization is hard




Normalization is monolithic




How do we break it down?




Normalization by Evaluation (NbE)

eval :T'HA— ([I'] = [A])
quote : ([I'] = [A]) 2 T ks A

norm:I'FA—->Tkg A
norm = quote o eval




NbE helps to some extent, but...

 Where do we begin?
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NbE helps to some extent, but...

 Where do we begin?
- How do we prove it correct (“sound”)?

- How do we modify it when the language changes?




Overarching goal

Construct NbE model for feature X using modules that
are reusable for several languages that exhibit X
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Overarching goal

Strong functors

Construct NbE model for feature X using modules that
are reusable for several languages that exhibit X

Lambda calculi




The question we are really asking

What is [T = [A]?




Possible-world (or ”Kripke”) semantics to the rescue

eval :I'FA— (Vw. ']y — [A]w)
quote : (Vw. [y — [A]w) > T ke A

norm:I'FA—->Tkg A
norm = quote o eval




Strong functors as modalities

O : Type — Type




Strong functors in play

S:Ax OB — O(A x B)
R:A— OA
J:O0A — OA




Strong functors in play

' S:Ax OB — O(A x B) — s
R: A — OA — . \pp
- J:00A — OA

>~
=
—

AMF




Key insights

1] NbE using possible-world semantics for monads

2] Decomposition of possible-world models of monads




Possible-world semantics

Frame: (W, R;, R»,)

R; reflexive, transitive

O




Possible-world semantics

Frame: (W, R;, R»,)

R; reflexive, transitive
R; @

[CA]w =Vw'.w R; w' — Fv.w' v x [A],




Moggi’s monadic metalanguage

I'Ft: A I'Ft:0OA T''AFu:OB
['Freturn ¢t : OA ' letyr, tuw: OB
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Moggi’s monadic metalanguage
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Moggi’s monadic metalanguage

F,Ai_l EEanAz F,Al,...,Ajl—NFm:B

I Fur letyr na (letvr n2 - .. (letymr 7 (returny, m)))...) : OB




Constructing an NbE model for monads

Frame F: (W, R;, R.,)
R;, R,, reflexive, transitive




Constructing an NbE model for monads

Frame F: (W, R;, R.,)
R;, R,, reflexive, transitive
Ry, € R;
w Contexts
Ri — S (OPES)
R, = 77




Defining a modal accessibility relation

consne: ' <y A

nil : T <y, T

consn (consna (...... (consn;nil))...) : T <mr T, A1, Ao, ... A;

<M, is reflexive, transitive, and included in <




Reification

rEifyA;F . [[A]]]_" — T I_NF A
reifyca.r f = reifyAcc e (returnyy, (reify 4.pv))
where (e: I' <y, A, v : [A]a) = fid<




Reification

reify o0 : [Alr = T'Fyr A

reifyca.r f = reifyAcc e (returnyy, (reify 4.pv))
where (e : I' <y, A, v : [A]a) = fid<

reifyAccr.p : T' <mp A — (A bxp OA — T by OA)

reifyAccp.r nil =1d

reifyAccr.a (cons (n : I' yg OB) e) = (Am. letyr, nm) o (reifyAccr p).a €)




Reification

(consny (... (consmynil)...),v) ~» letyr ng (... (letmr ny (returnyy, (reify 4.4 v)))---)




Decomposition of frame conditions

T
R, reflexive / R,,, transitive and associative
\‘/

t )
R,, category 'mC/ ‘R, C R,

' incl preserves transitivity

V

incl preserves reﬂexivity"‘<
\

incl functor




Decomposition of a strong monad

O functor

O pointed O multiplicative

/A

O monad

| O strong

O strong pointed 'O strong multiplicative

A
\

O strong monad




Main theorem

R,, reflexive

incl preserves reflexivity

R, category

incl : R, C R;

incl functor

R,,, transitive and associative O pointed

(I
pointwise
implication

O functor

O monad

incl preserves transitivity ng pointed"

A

O strong

O strong monad

O multiplicative

O strong multiplicative




Calculus for strong functors

SF /O-LETMAP SF /O-LETMAP-ID
I'-¢:0A I''At+tu:B I'-¢:0A
I't letmapgrtu : OB [t ~ letmapgp t (varzero) : OA

SF /O-LETMAP-COMP
I'-t:0A I''At+u:B BrFd :C

' I letmapsr (letmapsr tu) v’ ~ letmapgr t (u'[u]) : OC




NDE for strong functors

SF/NF /O-LETMAP
' ygn:0OA 'AbFym: B I'kFygn: OA

I' Fyr letmapggnm : OB singlen : ' <gp I', A




Reification for strong functors

reifyco.r f = letmapsr n (reify 4.0 g v))
where ((singlen : I' <gr I', B),v : [A]a) = fid<




NbE for pointed and multiplicative functors

: 'y n:OA
|: ' <pp I
n PE singlen : " <pp I', A

singlen : I' <pyp I, A consne: ' <yr A




Limitations and future work

1] Need general way to show quote is a left inverse

2] Sums require intervention, perhaps we need:

[OA] = Vw'.w R; w' — 3(C : Coverg, w').Yv € C. — [A],




In a nutshell

Normalization for strong functors be achieved in a
modular fashion by constructing NbE models as
instances of their possible-world semantics.

Mechanization: github.com/nachivpn/fam



https://github.com/nachivpn/fam

EOM




